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Numerics

The purpose of computing is insight, not numbers.
– R.W. Hamming

... but for the student,
numbers are often the best road to insight.

– A. Ralston

Introduction— numeric limits— mathematical functions— v va al la ar rr ra ay y — vector opera-
tions — slices — s sl li ic ce e_ _a ar rr ra ay y — elimination of temporaries— g gs sl li ic ce e_ _a ar rr ra ay y —
m ma as sk k_ _a ar rr ra ay y — i in nd di ir re ec ct t_ _a ar rr ra ay y — c co om mp pl le ex x — generalized algorithms— random num-
bers— advice— exercises.

22.1 Introduction [num.intro]

It is rare to write any real code without doing some calculation. However, most code requires little
mathematics beyond simple arithmetic. This chapter presents the facilities the standard library
offers to people who go beyond that.

Neither C nor C++ were designed primarily with numeric computation in mind. However,
numeric computation typically occurs in the context of other work– such as database access, net-
working, instrument control, graphics, simulation, financial analysis, etc.– so C++ becomes an
attractive vehicle for computations that are part of a larger system. Furthermore, numeric methods
have come a long way from being simple loops over vectors of floating-point numbers. Where
more complex data structures are needed as part of a computation, C++’s strengths become rele-
vant. The net effect is that C++ is increasingly used for scientific and engineering computation
involving sophisticated numerics. Consequently, facilities and techniques supporting such compu-
tation have emerged. This chapter describes the parts of the standard library that support numerics
and presents a few techniques for dealing with issues that arise when people express numeric
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658 Numerics Chapter 22

computations in C++. I make no attempt to teach numeric methods. Numeric computation is a fas-
cinating topic in its own right. To understand it, you need a good course in numerical methods or
at least a good textbook– not just a language manual and tutorial.

22.2 Numeric Limits [num.limits]

To do anything interesting with numbers, we typically need to know something about general prop-
erties of built-in numeric types that are implementation-defined rather than fixed by the rules of the
language itself (§4.6). For example, what is the largesti in nt t? What is the smallestf fl lo oa at t? Is ad do ou u- -
b bl le e rounded or truncated when assigned to af fl lo oa at t? How many bits are there in ac ch ha ar r?

Answers to such questions are provided by the specializations of then nu um me er ri ic c_ _l li im mi it ts s template
presented in<l li im mi it ts s>. For example:

v vo oi id d f f( d do ou ub bl le e d d, i in nt t i i)
{

i if f ( n nu um me er ri ic c_ _l li im mi it ts s<c ch ha ar r>: : d di ig gi it ts s != 8 8) {
/ / unusual bytes (number of bits not 8)

}

i if f ( i i<n nu um me er ri ic c_ _l li im mi it ts s<s sh ho or rt t>: : m mi in n() || n nu um me er ri ic c_ _l li im mi it ts s<s sh ho or rt t>: : m ma ax x()< i i) {
/ / i cannot be stored in a short without loss of precision

}

i if f ( 0 0<d d && d d<n nu um me er ri ic c_ _l li im mi it ts s<d do ou ub bl le e>: : e ep ps si il lo on n()) d d = 0 0;

i if f ( n nu um me er ri ic c_ _l li im mi it ts s<Q Qu ua ad d>: : i is s_ _s sp pe ec ci ia al li iz ze ed d) {
/ / limits information available for type Quad

}
}

Each specialization provides the relevant information for its argument type. Thus, the general
n nu um me er ri ic c_ _l li im mi it ts s template is simply a notational handle for a set of constants and inline functions:

t te em mp pl la at te e<c cl la as ss s T T> c cl la as ss s n nu um me er ri ic c_ _l li im mi it ts s {
p pu ub bl li ic c:

s st ta at ti ic c c co on ns st t b bo oo ol l i is s_ _s sp pe ec ci ia al li iz ze ed d = f fa al ls se e; / / is information available for numeric_limits<T>?

/ / uninteresting defaults
};

The real information is in the specializations. Each implementation of the standard library provides
a specialization ofn nu um me er ri ic c_ _l li im mi it ts s for each fundamental type (the character types, the integer and
floating-point types, andb bo oo ol l) but not for any other plausible candidates such asv vo oi id d, enumera-
tions, or library types (such asc co om mp pl le ex x<d do ou ub bl le e>).

For an integral type such asc ch ha ar r, only a few pieces of information are of interest. Here is
n nu um me er ri ic c_ _l li im mi it ts s<c ch ha ar r> for an implementation in which ac ch ha ar r has 8 bits and is signed:
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c cl la as ss s n nu um me er ri ic c_ _l li im mi it ts s<c ch ha ar r> {
p pu ub bl li ic c:

s st ta at ti ic c c co on ns st t b bo oo ol l i is s_ _s sp pe ec ci ia al li iz ze ed d = t tr ru ue e; / / yes, we have information

s st ta at ti ic c c co on ns st t i in nt t d di ig gi it ts s = 8 8; / / number of bits (‘‘binary digits’’)

s st ta at ti ic c c co on ns st t b bo oo ol l i is s_ _s si ig gn ne ed d = t tr ru ue e; / / this implementation has char signed
s st ta at ti ic c c co on ns st t b bo oo ol l i is s_ _i in nt te eg ge er r = t tr ru ue e; / / char is an integral type

i in nl li in ne e s st ta at ti ic c c ch ha ar r m mi in n() t th hr ro ow w() { r re et tu ur rn n - 1 12 28 8; } / / smallest value
i in nl li in ne e s st ta at ti ic c c ch ha ar r m ma ax x() t th hr ro ow w() { r re et tu ur rn n 1 12 27 7; } / / largest value

/ / lots of declarations not relevant to a char
};

Most members ofn nu um me er ri ic c_ _l li im mi it ts s are intended to describe floating-point numbers. For example,
this describes one possible implementation off fl lo oa at t:

c cl la as ss s n nu um me er ri ic c_ _l li im mi it ts s<f fl lo oa at t> {
p pu ub bl li ic c:

s st ta at ti ic c c co on ns st t b bo oo ol l i is s_ _s sp pe ec ci ia al li iz ze ed d = t tr ru ue e;

s st ta at ti ic c c co on ns st t i in nt t r ra ad di ix x = 2 2; / / base of exponent (in this case, binary)
s st ta at ti ic c c co on ns st t i in nt t d di ig gi it ts s = 2 24 4; / / number radix digits in mantissa
s st ta at ti ic c c co on ns st t i in nt t d di ig gi it ts s1 10 0 = 6 6; / / number of base 10 digits in mantissa

s st ta at ti ic c c co on ns st t b bo oo ol l i is s_ _s si ig gn ne ed d = t tr ru ue e;
s st ta at ti ic c c co on ns st t b bo oo ol l i is s_ _i in nt te eg ge er r = f fa al ls se e;
s st ta at ti ic c c co on ns st t b bo oo ol l i is s_ _e ex xa ac ct t = f fa al ls se e;

i in nl li in ne e s st ta at ti ic c f fl lo oa at t m mi in n() t th hr ro ow w() { r re et tu ur rn n 1 1. 1 17 75 54 49 94 43 35 5E E- 3 38 8F F; }
i in nl li in ne e s st ta at ti ic c f fl lo oa at t m ma ax x() t th hr ro ow w() { r re et tu ur rn n 3 3. 4 40 02 28 82 23 34 47 7E E+3 38 8F F; }

i in nl li in ne e s st ta at ti ic c f fl lo oa at t e ep ps si il lo on n() t th hr ro ow w() { r re et tu ur rn n 1 1. 1 19 92 20 09 92 29 90 0E E- 0 07 7F F; }
i in nl li in ne e s st ta at ti ic c f fl lo oa at t r ro ou un nd d_ _e er rr ro or r() t th hr ro ow w() { r re et tu ur rn n 0 0. 5 5F F; }

i in nl li in ne e s st ta at ti ic c f fl lo oa at t i in nf fi in ni it ty y() t th hr ro ow w() { r re et tu ur rn n /* some value*/; }
i in nl li in ne e s st ta at ti ic c f fl lo oa at t q qu ui ie et t_ _N Na aN N() t th hr ro ow w() { r re et tu ur rn n /* some value*/; }
i in nl li in ne e s st ta at ti ic c f fl lo oa at t s si ig gn na al li in ng g_ _N Na aN N() t th hr ro ow w() { r re et tu ur rn n /* some value*/; }
i in nl li in ne e s st ta at ti ic c f fl lo oa at t d de en no or rm m_ _m mi in n() t th hr ro ow w() { r re et tu ur rn n m mi in n() ; }

s st ta at ti ic c c co on ns st t i in nt t m mi in n_ _e ex xp po on ne en nt t = - 1 12 25 5;
s st ta at ti ic c c co on ns st t i in nt t m mi in n_ _e ex xp po on ne en nt t1 10 0 = - 3 37 7;
s st ta at ti ic c c co on ns st t i in nt t m ma ax x_ _e ex xp po on ne en nt t = +1 12 28 8;
s st ta at ti ic c c co on ns st t i in nt t m ma ax x_ _e ex xp po on ne en nt t1 10 0 = +3 38 8;

s st ta at ti ic c c co on ns st t b bo oo ol l h ha as s_ _i in nf fi in ni it ty y = t tr ru ue e;
s st ta at ti ic c c co on ns st t b bo oo ol l h ha as s_ _q qu ui ie et t_ _N Na aN N = t tr ru ue e;
s st ta at ti ic c c co on ns st t b bo oo ol l h ha as s_ _s si ig gn na al li in ng g_ _N Na aN N = t tr ru ue e;
s st ta at ti ic c c co on ns st t f fl lo oa at t_ _d de en no or rm m_ _s st ty yl le e h ha as s_ _d de en no or rm m = d de en no or rm m_ _a ab bs se en nt t; / / enum from<limits>
s st ta at ti ic c c co on ns st t b bo oo ol l h ha as s_ _d de en no or rm m_ _l lo os ss s = f fa al ls se e;

s st ta at ti ic c c co on ns st t b bo oo ol l i is s_ _i ie ec c5 55 59 9 = t tr ru ue e; / / conforms to IEC-559
s st ta at ti ic c c co on ns st t b bo oo ol l i is s_ _b bo ou un nd de ed d = t tr ru ue e;
s st ta at ti ic c c co on ns st t b bo oo ol l i is s_ _m mo od du ul lo o = f fa al ls se e;
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s st ta at ti ic c c co on ns st t b bo oo ol l t tr ra ap ps s = t tr ru ue e;
s st ta at ti ic c c co on ns st t b bo oo ol l t ti in ny yn ne es ss s_ _b be ef fo or re e = t tr ru ue e;

s st ta at ti ic c c co on ns st t f fl lo oa at t_ _r ro ou un nd d_ _s st ty yl le e r ro ou un nd d_ _s st ty yl le e = r ro ou un nd d_ _t to o_ _n ne ea ar re es st t; / / enum from<limits>
};

Note thatm mi in n() is the smallestpositivenormalized number and thate ep ps si il lo on n is the smallest posi-
tive floating-point number such that1 1+e ep ps si il lo on n- 1 1 is representable.

When defining a scalar type along the lines of the built-in ones, it is a good idea also to provide
a suitable specialization ofn nu um me er ri ic c_ _l li im mi it ts s. For example, if I wrote a quadruple-precision type
Q Qu ua ad d or if a vendor provided an extended-precision integerl lo on ng g l lo on ng g, a user could reasonably
expectn nu um me er ri ic c_ _l li im mi it ts s<Q Qu ua ad d> andn nu um me er ri ic c_ _l li im mi it ts s<l lo on ng g l lo on ng g> to be supplied.

One can imagine specializations ofn nu um me er ri ic c_ _l li im mi it ts s describing properties of user-defined types
that have little to do with floating-point numbers. In such cases, it is usually better to use the gen-
eral technique for describing properties of a type than to specializen nu um me er ri ic c_ _l li im mi it ts s with properties
not considered in the standard. Latin1...UL float_denom_style

Floating-point values are represented as inline functions. Integral values inn nu um me er ri ic c_ _l li im mi it ts s,
however, must be represented in a form that allows them to be used in constant expressions. That
implies that they must have in-class initializers (§10.4.6.2). If you uses st ta at ti ic c c co on ns st t members rather
than enumerators for that, remember to define thes st ta at ti ic cs.

22.2.1 Limit Macros [num.limit.c]

From C, C++ inherited macros that describe properties of integers. These are found in<c cl li im mi it ts s>
and <l li im mi it ts s. h h> and have names such asC CH HA AR R_ _B BI IT T and I IN NT T_ _M MA AX X. Similarly, <c cf fl lo oa at t> and
<f fl lo oa at t. h h> define macros describing properties of floating-point numbers. They have names such
asD DB BL L_ _M MI IN N_ _E EX XP P, F FL LT T_ _R RA AD DI IX X, andL LD DB BL L_ _M MA AX X.

As ever, macros are best avoided.

22.3 Standard Mathematical Functions[num.math]

The headers<c cm ma at th h> and<m ma at th h. h h> provide what is commonly referred to as ‘‘the usual mathe-
matical functions:’’

d do ou ub bl le e a ab bs s( d do ou ub bl le e) ; / / absolute value; not in C, same as fabs()
d do ou ub bl le e f fa ab bs s( d do ou ub bl le e) ; / / absolute value

d do ou ub bl le e c ce ei il l( d do ou ub bl le e d d) ; / / smallest integer not less than d
d do ou ub bl le e f fl lo oo or r( d do ou ub bl le e d d) ; / / largest integer not greater than d

d do ou ub bl le e s sq qr rt t( d do ou ub bl le e d d) ; / / square root of d, d must be non-negative

d do ou ub bl le e p po ow w( d do ou ub bl le e d d, d do ou ub bl le e e e) ; / / d to the power of e,
/ / error if d==0 and e<=0 or if d<0 and e isn’t an integer.

d do ou ub bl le e p po ow w( d do ou ub bl le e d d, i in nt t i i) ; / / d to the power of i; not in C
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d do ou ub bl le e c co os s( d do ou ub bl le e) ; / / cosine
d do ou ub bl le e s si in n( d do ou ub bl le e) ; / / sine
d do ou ub bl le e t ta an n( d do ou ub bl le e) ; / / tangent

d do ou ub bl le e a ac co os s( d do ou ub bl le e) ; / / arc cosine
d do ou ub bl le e a as si in n( d do ou ub bl le e) ; / / arc sine
d do ou ub bl le e a at ta an n( d do ou ub bl le e) ; / / arc tangent
d do ou ub bl le e a at ta an n2 2( d do ou ub bl le e x x, d do ou ub bl le e y y) ; / / atan(x/y)

d do ou ub bl le e s si in nh h( d do ou ub bl le e) ; / / hyperbolic sine
d do ou ub bl le e c co os sh h( d do ou ub bl le e) ; / / hyperbolic cosine
d do ou ub bl le e t ta an nh h( d do ou ub bl le e) ; / / hyperbolic tangent

d do ou ub bl le e e ex xp p( d do ou ub bl le e) ; / / exponential, base e
d do ou ub bl le e l lo og g( d do ou ub bl le e d d) ; / / natural (base e) logarithm, d must be> 0
d do ou ub bl le e l lo og g1 10 0( d do ou ub bl le e d d) ; / / base 10 logarithm, d must be> 0

d do ou ub bl le e m mo od df f( d do ou ub bl le e d d, d do ou ub bl le e* p p) ; / / return fractional part of d, place integral part in *p
d do ou ub bl le e f fr re ex xp p( d do ou ub bl le e d d, i in nt t* p p) ; / / find x in [.5,1) and y so that d = x*pow(2,y),

/ / return x and store y in *p
d do ou ub bl le e f fm mo od d( d do ou ub bl le e d d, d do ou ub bl le e m m) ; / / floating-point remainder, same sign as d
d do ou ub bl le e l ld de ex xp p( d do ou ub bl le e d d, i in nt t i i) ; / / d*pow(2,i)

In addition,<c cm ma at th h> and<m ma at th h. h h> supply these functions forf fl lo oa at t andl lo on ng g d do ou ub bl le earguments.
Where several values are possible results– as witha as si in n() – the one nearest to0 0 is returned.

The result ofa ac co os s() is non-negative.
Errors are reported by settinge er rr rn no o from <c ce er rr rn no o> to E ED DO OM M for a domain error and to

E ER RA AN NG GE E for a range error. For example:

v vo oi id d f f()
{

e er rr rn no o = 0 0; / / clear old error state
s sq qr rt t(- 1 1) ;
i if f ( e er rr rn no o==E ED DO OM M) c ce er rr r << " s sq qr rt t() n no ot t d de ef fi in ne ed d f fo or r n ne eg ga at ti iv ve e a ar rg gu um me en nt t";
p po ow w( n nu um me er ri ic c_ _l li im mi it ts s<d do ou ub bl le e>: : m ma ax x() , 2 2) ;
i if f ( e er rr rn no o == E ER RA AN NG GE E) c ce er rr r << " r re es su ul lt t o of f p po ow w() t to oo o l la ar rg ge e t to o r re ep pr re es se en nt t a as s a a d do ou ub bl le e";

}

For historical reasons, a few mathematical functions are found in the<c cs st td dl li ib b> header rather than
in <c cm ma at th h>:

i in nt t a ab bs s( i in nt t) ; / / absolute value
l lo on ng g a ab bs s( l lo on ng g) ; / / absolute value (not in C)
l lo on ng g l la ab bs s( l lo on ng g) ; / / absolute value

s st tr ru uc ct t d di iv v_ _t t { implementation_defined q qu uo ot t, r re em m; };
s st tr ru uc ct t l ld di iv v_ _t t { implementation_defined q qu uo ot t, r re em m; };

d di iv v_ _t t d di iv v( i in nt t n n, i in nt t d d) ; / / divide n by d, return (quotient,remainder)
l ld di iv v_ _t t d di iv v( l lo on ng g i in nt t n n, l lo on ng g i in nt t d d) ; / / divide n by d, return (quotient,remainder) (not in C)
l ld di iv v_ _t t l ld di iv v( l lo on ng g i in nt t n n, l lo on ng g i in nt t d d) ; / / divide n by d, return (quotient,remainder)
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22.4 Vector Arithmetic [num.valarray]

Much numeric work relies on relatively simple single-dimensional vectors of floating-point values.
In particular, such vectors are well supported by high-performance machine architectures, libraries
relying on such vectors are in wide use, and very aggressive optimization of code using such
vectors is considered essential in many fields. Consequently, the standard library provides a vector
– calledv va al la ar rr ra ay y – designed specifically for speed of the usual numeric vector operations.

When looking at thev va al la ar rr ra ay y facilities, it is wise to remember that they are intended as a rela-
tively low-level building block for high-performance computation. In particular, the primary
design criterion wasn’t ease of use, but rather effective use of high-performance computers when
relying on aggressive optimization techniques. If your aim is flexibility and generality rather than
efficiency, you are probably better off building on the standard containers from Chapter 16 and
Chapter 17 than trying to fit into the simple, efficient, and deliberately traditional framework of
v va al la ar rr ra ay y.

One could argue thatv va al la ar rr ra ay y should have been calledv ve ec ct to or r because it is a traditional mathe-
matical vector and thatv ve ec ct to or r (§16.3) should have been calleda ar rr ra ay y. However, this is not the way
the terminology evolved. Av va al la ar rr ra ay y is a vector optimized for numeric computation, av ve ec ct to or r is a
flexible container designed for holding and manipulating objects of a wide variety of types, and an
array is a low-level, built-in type.

Thev va al la ar rr ra ay y type is supported by four auxiliary types for specifying subsets of av va al la ar rr ra ay y:
– s sl li ic ce e_ _a ar rr ra ay y andg gs sl li ic ce e_ _a ar rr ra ay y represent the notion of slices (§22.4.6, §22.4.8),
– m ma as sk k_ _a ar rr ra ay y specifies a subset by marking each element in or out (§22.4.9), and
– i in nd di ir re ec ct t_ _a ar rr ra ay y lists the indices of the elements to be considered (§22.4.10).

22.4.1 Valarray Construction [num.valarray.ctor]

The v va al la ar rr ra ay y type and its associated facilities are defined in namespaces st td d and presented in
<v va al la ar rr ra ay y>:

t te em mp pl la at te e<c cl la as ss s T T> c cl la as ss s s st td d: : v va al la ar rr ra ay y {
/ / representation

p pu ub bl li ic c:
t ty yp pe ed de ef f T T v va al lu ue e_ _t ty yp pe e;

v va al la ar rr ra ay y() ; / / valarray with size()==0
e ex xp pl li ic ci it t v va al la ar rr ra ay y( s si iz ze e_ _t t n n) ; / / n elements with value T()
v va al la ar rr ra ay y( c co on ns st t T T& v va al l, s si iz ze e_ _t t n n) ; / / n elements with value val
v va al la ar rr ra ay y( c co on ns st t T T* p p, s si iz ze e_ _t t n n) ; / / n elements with values p[0], p[1], ...
v va al la ar rr ra ay y( c co on ns st t v va al la ar rr ra ay y& v v) ; / / copy of v

v va al la ar rr ra ay y( c co on ns st t s sl li ic ce e_ _a ar rr ra ay y<T T>&) ; / / see §22.4.6
v va al la ar rr ra ay y( c co on ns st t g gs sl li ic ce e_ _a ar rr ra ay y<T T>&) ; / / see §22.4.8
v va al la ar rr ra ay y( c co on ns st t m ma as sk k_ _a ar rr ra ay y<T T>&) ; / / see §22.4.9
v va al la ar rr ra ay y( c co on ns st t i in nd di ir re ec ct t_ _a ar rr ra ay y<T T>&) ; / / see §22.4.10

~v va al la ar rr ra ay y() ;

/ / ...
};
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This set of constructors allows us to initializev va al la ar rr ra ay ys from the auxiliary numeric array types and
from single values. For example:

v va al la ar rr ra ay y<d do ou ub bl le e> v v0 0; / / placeholder, we can assign to v0 later
v va al la ar rr ra ay y<f fl lo oa at t> v v1 1( 1 10 00 00 0) ; / / 1000 elements with value float()==0.0F

v va al la ar rr ra ay y<i in nt t> v v2 2(- 1 1, 2 20 00 00 0) ; / / 2000 elements with value– 1
v va al la ar rr ra ay y<d do ou ub bl le e> v v3 3( 1 10 00 0, 9 9. 8 80 06 64 4) ; / / bad mistake: floating-point valarray size

v va al la ar rr ra ay y<d do ou ub bl le e> v v4 4 = v v3 3; / / v4 has v3.size() elements

In the two-argument constructors, the value comes before the number of elements. This differs
from the convention for other standard containers (§16.3.4).

The number of elements of an argumentv va al la ar rr ra ay y to a copy constructor determines the size of
the resultingv va al la ar rr ra ay y.

Most programs need data from tables or input; this is supported by a constructor that copies ele-
ments from a built-in array. For example:

c co on ns st t d do ou ub bl le e v vd d[] = { 0 0, 1 1, 2 2, 3 3, 4 4 };
c co on ns st t i in nt t v vi i[] = { 0 0, 1 1, 2 2, 3 3, 4 4 };

v va al la ar rr ra ay y<d do ou ub bl le e> v v3 3( v vd d, 4 4) ; / / 4 elements: 0,1,2,3
v va al la ar rr ra ay y<d do ou ub bl le e> v v4 4( v vi i, 4 4) ; / / type error: vi is not pointer to double
v va al la ar rr ra ay y<d do ou ub bl le e> v v5 5( v vd d, 8 8) ; / / undefined: too few elements in initializer

This form of initialization is important because numeric software that produces data in the form of
large arrays is common.

The v va al la ar rr ra ay y and its auxiliary facilities were designed for high-speed computing. This is
reflected in a few constraints on users and by a few liberties granted to implementers. Basically, an
implementer ofv va al la ar rr ra ay y is allowed to use just about every optimization technique you can think
of. For example, operations may be inlined and thev va al la ar rr ra ay y operations are assumed to be free of
side effects (except on their explicit arguments of course). Also,v va al la ar rr ra ay ys are assumed to be alias
free, and the introduction of auxiliary types and the elimination of temporaries is allowed as long as
the basic semantics are maintained. Thus, the declarations in<v va al la ar rr ra ay y> may look somewhat dif-
ferent from what you find here (and in the standard), but they should provide the same operations
with the same meaning for code that doesn’t go out of the way to break the rules. In particular, the
elements of av va al la ar rr ra ay y should have the usual copy semantics (§17.1.4).

22.4.2 Valarray Subscripting and Assignment [num.valarray.sub]

For v va al la ar rr ra ay ys, subscripting is used both to access individual elements and to obtain subarrays:

t te em mp pl la at te e<c cl la as ss s T T> c cl la as ss s v va al la ar rr ra ay y {
p pu ub bl li ic c:

/ / ...
v va al la ar rr ra ay y& o op pe er ra at to or r=( c co on ns st t v va al la ar rr ra ay y& v v) ; / / copy v
v va al la ar rr ra ay y& o op pe er ra at to or r=( c co on ns st t T T& v va al l) ; / / assign val to every element

T T o op pe er ra at to or r[]( s si iz ze e_ _t t) c co on ns st t;
T T& o op pe er ra at to or r[]( s si iz ze e_ _t t) ;
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v va al la ar rr ra ay y o op pe er ra at to or r[]( s sl li ic ce e) c co on ns st t; / / see §22.4.6
s sl li ic ce e_ _a ar rr ra ay y<T T> o op pe er ra at to or r[]( s sl li ic ce e) ;

v va al la ar rr ra ay y o op pe er ra at to or r[]( c co on ns st t g gs sl li ic ce e&) c co on ns st t; / / see §22.4.8
g gs sl li ic ce e_ _a ar rr ra ay y<T T> o op pe er ra at to or r[]( c co on ns st t g gs sl li ic ce e&) ;

v va al la ar rr ra ay y o op pe er ra at to or r[]( c co on ns st t v va al la ar rr ra ay y<b bo oo ol l>&) c co on ns st t; / / see §22.4.9
m ma as sk k_ _a ar rr ra ay y<T T> o op pe er ra at to or r[]( c co on ns st t v va al la ar rr ra ay y<b bo oo ol l>&) ;

v va al la ar rr ra ay y o op pe er ra at to or r[]( c co on ns st t v va al la ar rr ra ay y<s si iz ze e_ _t t>&) c co on ns st t; / / see §22.4.10
i in nd di ir re ec ct t_ _a ar rr ra ay y<T T> o op pe er ra at to or r[]( c co on ns st t v va al la ar rr ra ay y<s si iz ze e_ _t t>&) ;

v va al la ar rr ra ay y& o op pe er ra at to or r=( c co on ns st t s sl li ic ce e_ _a ar rr ra ay y<T T>&) ; / / see §22.4.6
v va al la ar rr ra ay y& o op pe er ra at to or r=( c co on ns st t g gs sl li ic ce e_ _a ar rr ra ay y<T T>&) ; / / see §22.4.8
v va al la ar rr ra ay y& o op pe er ra at to or r=( c co on ns st t m ma as sk k_ _a ar rr ra ay y<T T>&) ; / / see §22.4.9
v va al la ar rr ra ay y& o op pe er ra at to or r=( c co on ns st t i in nd di ir re ec ct t_ _a ar rr ra ay y<T T>&) ; / / see §22.4.10

/ / ...
};

A v va al la ar rr ra ay y can be assigned to another of the same size. As one would expect,v v1 1=v v2 2 copies every
element ofv v2 2 into its corresponding position inv v1 1. If v va al la ar rr ra ay ys have different sizes, the result of
assignment is undefined. Becausev va al la ar rr ra ay y is designed to be optimized for speed, it would be
unwise to assume that assigning with av va al la ar rr ra ay y of the wrong size would cause an easily compre-
hensible error (such as an exception) or other ‘‘reasonable’’ behavior.

In addition to this conventional assignment, it is possible to assign a scalar to av va al la ar rr ra ay y. For
example,v v=7 7 assigns7 7 to every element of thev va al la ar rr ra ay y v v. This may be surprising, and is best
understood as an occasionally useful degenerate case of the operator assignment operations
(§22.4.3).

Subscripting with an integer behaves conventionally and does not perform range checking.
In addition to the selection of individual elements,v va al la ar rr ra ay y subscripting provides four ways of

extracting subarrays (§22.4.6). Conversely, assignment (and constructors §22.4.1) accepts such
subarrays as operands. The set of assignments onv va al la ar rr ra ay y ensures that it is not necessary to con-
vert an auxiliary array type, such ass sl li ic ce e_ _a ar rr ra ay y, to v va al la ar rr ra ay y before assigning it. An implementa-
tion may similarly replicate other vector operations, such as+ and* , to assure efficiency. In addi-
tion, many powerful optimization techniques exist for vector operations involvings sl li ic ce es and the
other auxiliary vector types.

22.4.3 Member Operations [num.valarray.member]

The obvious, as well as a few less obvious, member functions are provided:

t te em mp pl la at te e<c cl la as ss s T T> c cl la as ss s v va al la ar rr ra ay y {
p pu ub bl li ic c:

/ / ...

v va al la ar rr ra ay y& o op pe er ra at to or r*=( c co on ns st t T T& a ar rg g) ; / / v[i]*=arg for every element
/ / similarly: /=, %=, +=, – =, ˆ=, &=, =, <<=, and>>=

T T s su um m() c co on ns st t; / / sum of elements
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v va al la ar rr ra ay y s sh hi if ft t( i in nt t i i) c co on ns st t; / / logical shift (left for 0<i, right for i<0)
v va al la ar rr ra ay y c cs sh hi if ft t( i in nt t i i) c co on ns st t; / / cyclic shift (left for 0<i, right for i<0)

v va al la ar rr ra ay y a ap pp pl ly y( T T f f( T T)) c co on ns st t; / / result[i] = f(v[i]) for every element
v va al la ar rr ra ay y a ap pp pl ly y( T T f f( c co on ns st t T T&)) c co on ns st t;

v va al la ar rr ra ay y o op pe er ra at to or r-() c co on ns st t; / / result[i] = -v[i] for every element
v va al la ar rr ra ay y o op pe er ra at to or r+() c co on ns st t; / / result[i] = +v[i] for every element
v va al la ar rr ra ay y o op pe er ra at to or r~() c co on ns st t; / / result[i] = ˜v[i] for every element
v va al la ar rr ra ay y o op pe er ra at to or r!() c co on ns st t; / / result[i] = !v[i] for every element

T T m mi in n() c co on ns st t; / / smallest value using< for comparison; if size()==0 the value is undefined
T T m ma ax x() c co on ns st t; / / largest value using< for comparison; if size()==0 the value is undefined

s si iz ze e_ _t t s si iz ze e() c co on ns st t; / / number of elements
v vo oi id d r re es si iz ze e( s si iz ze e_ _t t n n, c co on ns st t T T& v va al l = T T()) ; / / n elements with value val

};

For example, ifv v is av va al la ar rr ra ay y, it can be scaled like this:v v*=. 2 2, and this:v v/= 1 1. 3 3. That is, apply-
ing a scalar to a vector means applying the scalar to each element of the vector. As usual, it is eas-
ier to optimize uses of*= than uses of a combination of* and= (§11.3.1).

Note that the non-assignment operations construct a newv va al la ar rr ra ay y. For example:

d do ou ub bl le e i in nc cr r( d do ou ub bl le e d d) { r re et tu ur rn n d d+1 1; }

v vo oi id d f f( v va al la ar rr ra ay y<d do ou ub bl le e>& v v)
{

v va al la ar rr ra ay y<d do ou ub bl le e> v v2 2 = v v. a ap pp pl ly y( i in nc cr r) ; / / produce incremented valarray
}

This does not change the value ofv v. Unfortunately,a ap pp pl ly y() does not accept a function object
(§18.4) as an argument (§22.9[1]).

The logical and cyclic shift functions,s sh hi if ft t() andc cs sh hi if ft t() , return a newv va al la ar rr ra ay y with the ele-
ments suitably shifted and leave the original one unchanged. For example, the cyclic shift
v v2 2=v v. c cs sh hi if ft t( n n) produces av va al la ar rr ra ay y so thatv v2 2[ i i]== v v[( i i+n n)%v v. s si iz ze e()] . The logical shift
v v3 3=v v. s sh hi if ft t( n n) produces av va al la ar rr ra ay y so thatv v3 3[ i i] is v v[ i i+n n] if i i+n n is a valid index forv v. Other-
wise, the result is the default element value. This implies that boths sh hi if ft t() andc cs sh hi if ft t() shift left
when given a positive argument and right when given a negative argument. For example:

v vo oi id d f f()
{

i in nt t a al lp ph ha a[] = { 1 1, 2 2, 3 3, 4 4, 5 5 , 6 6, 7 7, 8 8 };
v va al la ar rr ra ay y<i in nt t> v v( a al lp ph ha a, 8 8) ; / / 1, 2, 3, 4, 5, 6, 7, 8
v va al la ar rr ra ay y<i in nt t> v v2 2 = v v. s sh hi if ft t( 2 2) ; / / 3, 4, 5, 6, 7, 8, 0, 0
v va al la ar rr ra ay y<i in nt t> v v3 3 = v v<<2 2; / / 4, 8, 12, 16, 20, 24, 28, 32
v va al la ar rr ra ay y<i in nt t> v v4 4 = v v. s sh hi if ft t(- 2 2) ; / / 0, 0, 1, 2, 3, 4, 5, 6
v va al la ar rr ra ay y<i in nt t> v v5 5 = v v>>2 2; / / 0, 0, 0, 1, 1, 1, 1, 2
v va al la ar rr ra ay y<i in nt t> v v6 6 = v v. c cs sh hi if ft t( 2 2) ; / / 3, 4, 5, 6, 7, 8, 1, 2
v va al la ar rr ra ay y<i in nt t> v v7 7 = v v. c cs sh hi if ft t(- 2 2) ; / / 7, 8, 1, 2, 3, 4, 5, 6

}

For v va al la ar rr ra ay ys, >> and << are bit shift operators, rather than element shift operators or I/O
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operators (§22.4.4). Consequently,<<= and>>= can be used to shift bits within elements of an
integral type. For example:

v vo oi id d f f( v va al la ar rr ra ay y<i in nt t> v vi i, v va al la ar rr ra ay y<d do ou ub bl le e> v vd d)
{

v vi i <<= 2 2; / / vi[i] <<=2 for all elements of vi
v vd d <<= 2 2; / / error: shift is not defined for floating-point values

}

It is possible to change the size of av va al la ar rr ra ay y. However,r re es si iz ze e() is n no ot t an operation intended to
makev va al la ar rr ra ay y into a data structure that can grow dynamically the way av ve ec ct to or r and as st tr ri in ng g can.
Instead,r re es si iz ze e() is a re-initialize operation that replaces the existing contents of av va al la ar rr ra ay y by a
set of default values. The old values are lost.

Often, a resizedv va al la ar rr ra ay y is one that we created as an empty vector. Consider how we might
initialize av va al la ar rr ra ay y from input:

v vo oi id d f f()
{

i in nt t n n = 0 0;
c ci in n >> n n; / / read array size
i if f ( n n<=0 0) e er rr ro or r(" b ba ad d a ar rr ra ay y b bo ou un nd d") ;

v va al la ar rr ra ay y<d do ou ub bl le e> v v( n n) ; / / make an array of the right size
i in nt t i i = 0 0;
w wh hi il le e ( i i<n n && c ci in n>>v v[ i i++]) ; / / fill array
i if f ( i i!= n n) e er rr ro or r(" t to oo o f fe ew w e el le em me en nt ts s o on n i in np pu ut t") ;

/ / ...
}

If we want to handle the input in a separate function, we might do it like this:

v vo oi id d i in ni it ti ia al li iz ze e_ _f fr ro om m_ _i in np pu ut t( v va al la ar rr ra ay y<d do ou ub bl le e>& v v)
{

i in nt t n n = 0 0;
c ci in n >> n n; / / read array size
i if f ( n n<=0 0) e er rr ro or r(" b ba ad d a ar rr ra ay y b bo ou un nd d") ;

v v. r re es si iz ze e( n n) ; / / make v the right size
i in nt t i i = 0 0;
w wh hi il le e ( i i<n n && c ci in n>>v v[ i i++]) ; / / fill array
i if f ( i i!= n n) e er rr ro or r(" t to oo o f fe ew w e el le em me en nt ts s o on n i in np pu ut t") ;

}

v vo oi id d g g()
{

v va al la ar rr ra ay y<d do ou ub bl le e> v v; / / make a default array
i in ni it ti ia al li iz ze e_ _f fr ro om m_ _i in np pu ut t( v v) ; / / give v the right size and elements
/ / ...

}

This avoids copying large amounts of data.
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If we want av va al la ar rr ra ay y holding valuable data to grow dynamically, we must use a temporary:

v vo oi id d g gr ro ow w( v va al la ar rr ra ay y<i in nt t>& v v, s si iz ze e_ _t t n n)
{

i if f ( n n<=v v. s si iz ze e()) r re et tu ur rn n;

v va al la ar rr ra ay y<i in nt t> t tm mp p( n n) ; / / n default elements

c co op py y(& v v[ 0 0] ,& v v[ v v. s si iz ze e()] ,& t tm mp p[ 0 0]) ; / / copy algorithm from §18.6.1
v v. r re es si iz ze e( n n) ;
c co op py y(& t tm mp p[ 0 0] ,& t tm mp p[ v v. s si iz ze e()] ,& v v[ 0 0]) ;

}

This is not the intended way to usev va al la ar rr ra ay y. A v va al la ar rr ra ay y is intended to have a fixed size after
being given its initial value.

The elements of av va al la ar rr ra ay y form a sequence; that is,v v[ 0 0].. v v[ n n- 1 1] are contiguous in mem-
ory. This implies thatT T* is a random-access iterator (§19.2.1) forv va al la ar rr ra ay y<T T> so that standard
algorithms, such asc co op py y() , can be used. However, it would be more in the spirit ofv va al la ar rr ra ay y to
express the copy in terms of assignment and subarrays:

v vo oi id d g gr ro ow w2 2( v va al la ar rr ra ay y<i in nt t>& v v, s si iz ze e_ _t t n n)
{

i if f ( n n<=v v. s si iz ze e()) r re et tu ur rn n;

v va al la ar rr ra ay y<i in nt t> t tm mp p( n n) ; / / n default elements
s sl li ic ce e s s( 0 0, v v. s si iz ze e() , 1 1) ; / / subarray of v.size() elements (see §22.4.5)

t tm mp p[ s s] = v v;
v v. r re es si iz ze e( n n) ;
v v[ s s] = t tm mp p;

}

If for some reason input data is organized so that you have to count the elements before knowing
the size of vector needed to hold them, it is usually best to read the input into av ve ec ct to or r (§16.3.5) and
then copy the elements into av va al la ar rr ra ay y.

22.4.4 Nonmember Operations [valarray.ops]

The usual binary operators and mathematical functions are provided:

t te em mp pl la at te e<c cl la as ss s T T> v va al la ar rr ra ay y<T T> o op pe er ra at to or r*( c co on ns st t v va al la ar rr ra ay y<T T>&, c co on ns st t v va al la ar rr ra ay y<T T>&) ;
t te em mp pl la at te e<c cl la as ss s T T> v va al la ar rr ra ay y<T T> o op pe er ra at to or r*( c co on ns st t v va al la ar rr ra ay y<T T>&, c co on ns st t T T&) ;
t te em mp pl la at te e<c cl la as ss s T T> v va al la ar rr ra ay y<T T> o op pe er ra at to or r*( c co on ns st t T T&, c co on ns st t v va al la ar rr ra ay y<T T>&) ;

/ / similarly: /, %, +,– , ˆ, &, , <<, >>, &&, , ==, !=, <, >, <=, >=, atan2, and pow

t te em mp pl la at te e<c cl la as ss s T T> v va al la ar rr ra ay y<T T> a ab bs s( c co on ns st t v va al la ar rr ra ay y<T T>&) ;

/ / similarly: acos, asin, atan, cos, cosh, exp, log, log10, sin, sinh, sqrt, tan, and tanh

The binary operations are defined forv va al la ar rr ra ay ys and for combinations of av va al la ar rr ra ay y and its scalar
type. For example:
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v vo oi id d f f( v va al la ar rr ra ay y<d do ou ub bl le e>& v v, v va al la ar rr ra ay y<d do ou ub bl le e>& v v2 2, d do ou ub bl le e d d)
{

v va al la ar rr ra ay y<d do ou ub bl le e> v v3 3 = v v* v v2 2; / / v3[i] = v[i]*v2[i] for all i
v va al la ar rr ra ay y<d do ou ub bl le e> v v4 4 = v v* d d; / / v4[i] = v[i]*d for all i
v va al la ar rr ra ay y<d do ou ub bl le e> v v5 5 = d d* v v2 2; / / v5[i] = d*v2[i] for all i

v va al la ar rr ra ay y<d do ou ub bl le e> v v6 6 = c co os s( v v) ; / / v6[i] = cos(v[i]) for all i
}

These vector operations all apply their operations to each element of their operand(s) in the way
indicated by the* and c co os s() examples. Naturally, an operation can be used only if the corre-
sponding operation is defined for the template argument type. Otherwise, the compiler will issue
an error when trying to specialize the template (§13.5).

Where the result is av va al la ar rr ra ay y, its length is the same as itsv va al la ar rr ra ay y operand. If the lengths of
the two arrays are not the same, the result of a binary operator on twov va al la ar rr ra ay ys is undefined.

Curiously enough, no I/O operations are provided forv va al la ar rr ra ay y (§22.4.3);<< and>> are shift
operations. However, I/O versions of>> and<< for v va al la ar rr ra ay y are easily defined (§22.9[5]).

Note that thesev va al la ar rr ra ay y operations return newv va al la ar rr ra ay ys rather than modifying their operands.
This can be expensive, but it doesn’t have to be when aggressive optimization techniques are
applied (e.g., see §22.4.7).

All of the operators and mathematical functions onv va al la ar rr ra ay ys can also be applied to
s sl li ic ce e_ _a ar rr ra ay ys (§22.4.6), g gs sl li ic ce e_ _a ar rr ra ay ys (§22.4.8), m ma as sk k_ _a ar rr ra ay ys (§22.4.9), i in nd di ir re ec ct t_ _a ar rr ra ay ys
(§22.4.10), and combinations of these types. However, an implementation is allowed to convert an
operand that is not av va al la ar rr ra ay y to av va al la ar rr ra ay y before performing a required operation.

22.4.5 Slices [num.slice]

A s sl li ic ce e is an abstraction that allows us to manipulate a vector efficiently as a matrix of arbitrary
dimension. It is the key notion of Fortran vectors and of the BLAS (Basic Linear Algebra Subpro-
grams) library, which is the basis for much numeric computation. Basically, a slice is everyn nth
element of some part of av va al la ar rr ra ay y:

c cl la as ss s s st td d: : s sl li ic ce e {
/ / starting index, a length, and a stride

p pu ub bl li ic c:
s sl li ic ce e() ;
s sl li ic ce e( s si iz ze e_ _t t s st ta ar rt t, s si iz ze e_ _t t s si iz ze e, s si iz ze e_ _t t s st tr ri id de e) ;

s si iz ze e_ _t t s st ta ar rt t() c co on ns st t; / / index of first element
s si iz ze e_ _t t s si iz ze e() c co on ns st t; / / number of elements
s si iz ze e_ _t t s st tr ri id de e() c co on ns st t; / / element n is at start()+n*stride()

};

A stride is the distance (in number of elements) between two elements of thes sl li ic ce e. Thus, as sl li ic ce e
describes a sequence of integers. For example:
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s si iz ze e_ _t t s sl li ic ce e_ _i in nd de ex x( c co on ns st t s sl li ic ce e& s s, s si iz ze e_ _t t i i) / / map i to its corresponding index
{

r re et tu ur rn n s s. s st ta ar rt t()+ i i* s s. s st tr ri id de e() ;
}

v vo oi id d p pr ri in nt t_ _s se eq q( c co on ns st t s sl li ic ce e& s s) / / print the elements of s
{

f fo or r ( i in nt t i i = 0 0; i i<s s. s si iz ze e() ; i i++) c co ou ut t << s sl li ic ce e_ _i in nd de ex x( s s, i i) << " ";
}

v vo oi id d f f()
{

p pr ri in nt t_ _s se eq q( s sl li ic ce e( 0 0, 3 3, 4 4)) ; / / row 0
c co ou ut t << ", ";
p pr ri in nt t_ _s se eq q( s sl li ic ce e( 1 1, 3 3, 4 4)) ; / / row 1
c co ou ut t << ", ";
p pr ri in nt t_ _s se eq q( s sl li ic ce e( 0 0, 4 4, 1 1)) ; / / column 0
c co ou ut t << ", ";
p pr ri in nt t_ _s se eq q( s sl li ic ce e( 4 4, 4 4, 1 1)) ; / / column 1

}

prints0 0 4 4 8 8 , 1 1 5 5 9 9 , 0 0 1 1 2 2 3 3 , 4 4 5 5 6 6 7 7.
In other words, as sl li ic ce e describes a mapping of non-negative integers into indices. The number

of elements (thes si iz ze e() ) doesn’t affect the mapping (addressing) but simply allows us to find the
end of a sequence. This mapping can be used to simulate two-dimensional arrays within a one-
dimensional array (such asv va al la ar rr ra ay y) in an efficient, general, and reasonably convenient way. Con-
sider a 3-by-4 matrix the way we often think of it (§C.7):

00 01 02

10 11 12

20 21 22

30 31 32

Following Fortran conventions, we can lay it out in memory like this:

00 10 20 30 01 11 21 31 02 12 22 32

0 4 8

0 1 2 3

This isnot the way arrays are laid out in C++ (see §C.7). However, we should be able to present a
concept with a clean and logical interface and then choose a representation to suit the constraints of
the problem. Here, I have chosen to use Fortran layout to ease the interaction with numeric soft-
ware that follows that convention. I have not, however, gone so far as to start indexing from1 1
rather than0 0; that is left as an exercise (§22.9[9]). Much numeric computation is done and will
remain done in a mixture of languages and using a variety of libraries. Often the ability to manipu-
late data in a variety of formats determined by those libraries and language standards is essential.
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Row x x can be described by as sl li ic ce e( x x, 3 3, 4 4) . That is, the first element of rowx x is thex xth ele-
ment of the vector, the next element of the row is the( x x+4 4) th, etc., and there are3 3 elements in
each row. In the figures,s sl li ic ce e( 0 0, 3 3, 4 4) describes the row0 00 0, 0 01 1, and0 02 2.

Columny y can be described bys sl li ic ce e( 4 4* y y, 4 4, 1 1) . That is, the first element of columny y is the
4 4* y yth element of the vector, the next element of the column is the( 4 4* y y+1 1) th, etc., and there are4 4
elements in each column. In the figures,s sl li ic ce e( 0 0, 4 4, 1 1) describes the column0 00 0, 1 10 0, 2 20 0, and3 30 0.

In addition to its use for simulating two-dimensional arrays, as sl li ic ce e can describe many other
sequences. It is a fairly general way of specifying very simple sequences. This notion is explored
further in §22.4.8.

One way of thinking of a slice is as an odd kind of iterator: as sl li ic ce e allows us to describe a
sequence of indices for av va al la ar rr ra ay y. We could build a real iterator based on that:

t te em mp pl la at te e<c cl la as ss s T T> c cl la as ss s S Sl li ic ce e_ _i it te er r {
v va al la ar rr ra ay y<T T>* v v;
s sl li ic ce e s s;
s si iz ze e_ _t t c cu ur rr r; / / index of current element

T T& r re ef f( s si iz ze e_ _t t i i) c co on ns st t { r re et tu ur rn n (* v v)[ s s. s st ta ar rt t()+ i i* s s. s st tr ri id de e()] ; }
p pu ub bl li ic c:

S Sl li ic ce e_ _i it te er r( v va al la ar rr ra ay y<T T>* v vv v, s sl li ic ce e s ss s) : v v( v vv v) , s s( s ss s) , c cu ur rr r( 0 0) { }

S Sl li ic ce e_ _i it te er r e en nd d()
{

S Sl li ic ce e_ _i it te er r t t = * t th hi is s;
t t. c cu ur rr r = s s. s si iz ze e() ; / / index of last-plus-one element
r re et tu ur rn n t t;

}

S Sl li ic ce e_ _i it te er r& o op pe er ra at to or r++() { c cu ur rr r++; r re et tu ur rn n * t th hi is s; }
S Sl li ic ce e_ _i it te er r o op pe er ra at to or r++( i in nt t) { S Sl li ic ce e_ _i it te er r t t = * t th hi is s; c cu ur rr r++; r re et tu ur rn n t t; }

T T& o op pe er ra at to or r[]( s si iz ze e_ _t t i i) { r re et tu ur rn n r re ef f( c cu ur rr r=i i) ; } / / C style subscript
T T& o op pe er ra at to or r()( s si iz ze e_ _t t i i) { r re et tu ur rn n r re ef f( c cu ur rr r=i i) ; } / / Fortran-style subscript
T T& o op pe er ra at to or r*() { r re et tu ur rn n r re ef f( c cu ur rr r) ; } / / current element

/ / ...
};

Since as sl li ic ce e has a size, we could even provide range checking. Here, I have taken advantage of
s sl li ic ce e: : s si iz ze e() to provide ane en nd d() operation to provide an iterator for the one-past-the-end ele-
ment of thev va al la ar rr ra ay y.

Since as sl li ic ce e can describe either a row or a column, theS Sl li ic ce e_ _i it te er r allows us to traverse a
v va al la ar rr ra ay y by row or by column.

For S Sl li ic ce e_ _i it te er r to be useful,==, != , and< must be defined:

t te em mp pl la at te e<c cl la as ss s T T> b bo oo ol l o op pe er ra at to or r==( c co on ns st t S Sl li ic ce e_ _i it te er r<T T>& p p, c co on ns st t S Sl li ic ce e_ _i it te er r<T T>& q q)
{

r re et tu ur rn n p p. c cu ur rr r==q q. c cu ur rr r && p p. s s. s st tr ri id de e()== q q. s s. s st tr ri id de e() && p p. s s. s st ta ar rt t()== q q. s s. s st ta ar rt t() ;
}
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t te em mp pl la at te e<c cl la as ss s T T> b bo oo ol l o op pe er ra at to or r!=( c co on ns st t S Sl li ic ce e_ _i it te er r<T T>& p p, c co on ns st t S Sl li ic ce e_ _i it te er r<T T>& q q)
{

r re et tu ur rn n !( p p==q q) ;
}

t te em mp pl la at te e<c cl la as ss s T T> b bo oo ol l o op pe er ra at to or r<( c co on ns st t S Sl li ic ce e_ _i it te er r<T T>& p p, c co on ns st t S Sl li ic ce e_ _i it te er r<T T>& q q)
{

r re et tu ur rn n p p. c cu ur rr r<q q. c cu ur rr r && p p. s s. s st tr ri id de e()== q q. s s. s st tr ri id de e() && p p. s s. s st ta ar rt t()== q q. s s. s st ta ar rt t() ;
}

22.4.6 Slice_array [num.slicearray]

From av va al la ar rr ra ay y and as sl li ic ce e, we can build something that looks and feels like av va al la ar rr ra ay y, but
which is really simply a way of referring to the subset of the array described by the slice. Such a
s sl li ic ce e_ _a ar rr ra ay y is defined like this:

t te em mp pl la at te e <c cl la as ss s T T> c cl la as ss s s st td d: : s sl li ic ce e_ _a ar rr ra ay y {
p pu ub bl li ic c:

t ty yp pe ed de ef f T T v va al lu ue e_ _t ty yp pe e;

v vo oi id d o op pe er ra at to or r=( c co on ns st t v va al la ar rr ra ay y<T T>&) ;
v vo oi id d o op pe er ra at to or r=( c co on ns st t T T& v va al l) ; / / assign val to each element

v vo oi id d o op pe er ra at to or r*=( c co on ns st t v va al la ar rr ra ay y<T T>& v va al l) ; / / v[i]*=val for each element
/ / similarly: /=, %=, +=, – =, ˆ=, &=, =, <<=, >>=

~s sl li ic ce e_ _a ar rr ra ay y() ;
p pr ri iv va at te e:

s sl li ic ce e_ _a ar rr ra ay y() ; / / prevent construction
s sl li ic ce e_ _a ar rr ra ay y( c co on ns st t s sl li ic ce e_ _a ar rr ra ay y&) ; / / prevent copying
s sl li ic ce e_ _a ar rr ra ay y& o op pe er ra at to or r=( c co on ns st t s sl li ic ce e_ _a ar rr ra ay y&) ; / / prevent copying

v va al la ar rr ra ay y<T T>* p p; / / implementation-defined representation
s sl li ic ce e s s;

};

A user cannot directly create as sl li ic ce e_ _a ar rr ra ay y. Instead, the user subscripts av va al la ar rr ra ay y to create a
s sl li ic ce e_ _a ar rr ra ay y for a given slice. Once thes sl li ic ce e_ _a ar rr ra ay y is initialized, all references to it indirectly go to
the v va al la ar rr ra ay y for which it is created. For example, we can create something that represents every
second element of an array like this:

v vo oi id d f f( v va al la ar rr ra ay y<d do ou ub bl le e>& d d)
{

s sl li ic ce e_ _a ar rr ra ay y<d do ou ub bl le e>& v v_ _e ev ve en n = d d[ s sl li ic ce e( 0 0, d d. s si iz ze e()/ 2 2, 2 2)] ;
s sl li ic ce e_ _a ar rr ra ay y<d do ou ub bl le e>& v v_ _o od dd d = d d[ s sl li ic ce e( 1 1, d d. s si iz ze e()/ 2 2, 2 2)] ;

v v_ _o od dd d *= 2 2; / / double every odd element of d
v v_ _e ev ve en n = 0 0; / / assign 0 to every even element of d

}

The ban on copyings sl li ic ce e_ _a ar rr ra ay ys is necessary so as to allow optimizations that rely on absence of
aliases. It can be quite constraining. For example:

The C++ Programming Language, Third Editionby Bjarne Stroustrup. Copyright ©1997 by AT&T.
Published by Addison Wesley Longman, Inc. ISBN 0-201-88954-4. All rights reserved.



672 Numerics Chapter 22

s sl li ic ce e_ _a ar rr ra ay y<d do ou ub bl le e> r ro ow w( v va al la ar rr ra ay y<d do ou ub bl le e>& d d, i in nt t i i)
{

s sl li ic ce e_ _a ar rr ra ay y<d do ou ub bl le e> v v = d d[ s sl li ic ce e( 0 0, 2 2, d d. s si iz ze e()/ 2 2)] ; / / error: attempt to copy

r re et tu ur rn n d d[ s sl li ic ce e( i i%2 2, i i, d d. s si iz ze e()/ 2 2)] ; / / error: attempt to copy
}

Often copying as sl li ic ce e is a reasonable alternative to copying as sl li ic ce e_ _a ar rr ra ay y.
Slices can be used to express a variety of subsets of an array. For example, we might use slices

to manipulate contiguous subarrays like this:

i in nl li in ne e s sl li ic ce e s su ub b_ _a ar rr ra ay y( s si iz ze e_ _t t f fi ir rs st t, s si iz ze e_ _t t c co ou un nt t) / / [first:first+count[
{

r re et tu ur rn n s sl li ic ce e( f fi ir rs st t, c co ou un nt t, 1 1) ;
}

v vo oi id d f f( v va al la ar rr ra ay y<d do ou ub bl le e>& v v)
{

s si iz ze e_ _t t s sz z = v v. s si iz ze e() ;
i if f ( s sz z<2 2) r re et tu ur rn n;
s si iz ze e_ _t t n n = s sz z/ 2 2;
s si iz ze e_ _t t n n2 2 = s sz z- n n;

v va al la ar rr ra ay y<d do ou ub bl le e> h ha al lf f1 1( n n) ;
v va al la ar rr ra ay y<d do ou ub bl le e> h ha al lf f2 2( n n2 2) ;

h ha al lf f1 1 = v v[ s su ub b_ _a ar rr ra ay y( 0 0, n n)] ; / / copy of first half of v
h ha al lf f2 2 = v v[ s su ub b_ _a ar rr ra ay y( n n, n n2 2)] ; / / copy of second half of v

/ / ...
}

The standard library does not provide a matrix class. Instead, the intent is forv va al la ar rr ra ay y ands sl li ic ce e to
provide the tools for building matrices optimized for a variety of needs. Consider how we might
implement a simple two-dimensional matrix using av va al la ar rr ra ay y ands sl li ic ce e_ _a ar rr ra ay ys:

c cl la as ss s M Ma at tr ri ix x {
v va al la ar rr ra ay y<d do ou ub bl le e>* v v;
s si iz ze e_ _t t d d1 1, d d2 2;

p pu ub bl li ic c:
M Ma at tr ri ix x( s si iz ze e_ _t t x x, s si iz ze e_ _t t y y) ; / / note: no default constructor
M Ma at tr ri ix x& M Ma at tr ri ix x( c co on ns st t M Ma at tr ri ix x&) ;
M Ma at tr ri ix x& o op pe er ra at to or r=( c co on ns st t M Ma at tr ri ix x&) ;
~M Ma at tr ri ix x() ;

s si iz ze e_ _t t s si iz ze e() c co on ns st t { r re et tu ur rn n d d1 1* d d2 2; }
s si iz ze e_ _t t d di im m1 1() c co on ns st t { r re et tu ur rn n d d1 1; }
s si iz ze e_ _t t d di im m2 2() c co on ns st t { r re et tu ur rn n d d2 2; }

S Sl li ic ce e_ _i it te er r<d do ou ub bl le e> r ro ow w( s si iz ze e_ _t t i i) ;
C Cs sl li ic ce e_ _i it te er r<d do ou ub bl le e> r ro ow w( s si iz ze e_ _t t i i) c co on ns st t;
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S Sl li ic ce e_ _i it te er r<d do ou ub bl le e> c co ol lu um mn n( s si iz ze e_ _t t i i) ;
C Cs sl li ic ce e_ _i it te er r<d do ou ub bl le e> c co ol lu um mn n( s si iz ze e_ _t t i i) c co on ns st t;

d do ou ub bl le e& o op pe er ra at to or r()( s si iz ze e_ _t t x x, s si iz ze e_ _t t y y) ; / / Fortran-style subscripts
d do ou ub bl le e o op pe er ra at to or r()( s si iz ze e_ _t t x x, s si iz ze e_ _t t y y) c co on ns st t;

S Sl li ic ce e_ _i it te er r<d do ou ub bl le e> o op pe er ra at to or r()( s si iz ze e_ _t t i i) { r re et tu ur rn n r ro ow w( i i) ; }
C Cs sl li ic ce e_ _i it te er r<d do ou ub bl le e> o op pe er ra at to or r()( s si iz ze e_ _t t i i) c co on ns st t { r re et tu ur rn n r ro ow w( i i) ; }

S Sl li ic ce e_ _i it te er r<d do ou ub bl le e> o op pe er ra at to or r[]( s si iz ze e_ _t t i i) { r re et tu ur rn n r ro ow w( i i) ; } / / C-style subscript
C Cs sl li ic ce e_ _i it te er r<d do ou ub bl le e> o op pe er ra at to or r[]( s si iz ze e_ _t t i i) c co on ns st t { r re et tu ur rn n r ro ow w( i i) ; }

M Ma at tr ri ix x& o op pe er ra at to or r*=( d do ou ub bl le e) ;

v va al la ar rr ra ay y<d do ou ub bl le e>& a ar rr ra ay y() { r re et tu ur rn n * v v; }
};

The representation of aM Ma at tr ri ix x is av va al la ar rr ra ay y. We impose dimensionality on that array through slic-
ing. When necessary, we can view that representation as having one, two, three, etc., dimensions in
the same way that we provide the default two-dimensional view throughr ro ow w() and c co ol lu um mn n() .
The S Sl li ic ce e_ _i it te er rs are used to circumvent the ban on copyings sl li ic ce e_ _a ar rr ra ay ys s. I couldn’t return a
s sl li ic ce e_ _a ar rr ra ay y:

s sl li ic ce e_ _a ar rr ra ay y<d do ou ub bl le e> r ro ow w( s si iz ze e_ _t t i i) { r re et tu ur rn n (* v v)( s sl li ic ce e( i i, d d1 1, d d2 2)) ; }

so I returned an iterator containing a pointer to thev va al la ar rr ra ay y and thes sl li ic ce e itself instead of a
s sl li ic ce e_ _a ar rr ra ay y.

We need an additional class ‘‘iterator for slice of constants,’’C Cs sl li ic ce e_ _i it te er r to express the distinc-
tion between a slice of ac co on ns st t M Ma at tr ri ix x and a slice of a non-c co on ns st t M Ma at tr ri ix x:

i in nl li in ne e S Sl li ic ce e_ _i it te er r<d do ou ub bl le e> M Ma at tr ri ix x: : r ro ow w( s si iz ze e_ _t t i i)
{

r re et tu ur rn n S Sl li ic ce e_ _i it te er r<d do ou ub bl le e>( v v, s sl li ic ce e( i i, d d1 1, d d2 2)) ;
}

i in nl li in ne e C Cs sl li ic ce e_ _i it te er r<d do ou ub bl le e> M Ma at tr ri ix x: : r ro ow w( s si iz ze e_ _t t i i) c co on ns st t
{

r re et tu ur rn n C Cs sl li ic ce e_ _i it te er r<d do ou ub bl le e>( v v, s sl li ic ce e( i i, d d1 1, d d2 2)) ;
}

i in nl li in ne e S Sl li ic ce e_ _i it te er r<d do ou ub bl le e> M Ma at tr ri ix x: : c co ol lu um mn n( s si iz ze e_ _t t i i)
{

r re et tu ur rn n S Sl li ic ce e_ _i it te er r<d do ou ub bl le e>( v v, s sl li ic ce e( i i* d d2 2, d d2 2, 1 1)) ;
}

i in nl li in ne e C Cs sl li ic ce e_ _i it te er r<d do ou ub bl le e> M Ma at tr ri ix x: : c co ol lu um mn n( s si iz ze e_ _t t i i) c co on ns st t
{

r re et tu ur rn n C Cs sl li ic ce e_ _i it te er r<d do ou ub bl le e>( v v, s sl li ic ce e( i i* d d2 2, d d2 2, 1 1)) ;
}

The definition ofC Cs sl li ic ce e_ _i it te er r is identical to that ofS Sl li ic ce e_ _i it te er r, except that it returnsc co on ns st t references
to elements of its slice.

The rest of the member operations are fairly trivial:
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M Ma at tr ri ix x: : M Ma at tr ri ix x( s si iz ze e_ _t t x x, s si iz ze e_ _t t y y)
{

/ / check that x and y are sensible
d d1 1 = x x;
d d2 2 = y y;
v v = n ne ew w v va al la ar rr ra ay y<d do ou ub bl le e>( x x* y y) ;

}

d do ou ub bl le e& M Ma at tr ri ix x: : o op pe er ra at to or r()( s si iz ze e_ _t t x x, s si iz ze e_ _t t y y)
{

r re et tu ur rn n r ro ow w( x x)[ y y] ;
}

d do ou ub bl le e m mu ul l( c co on ns st t v va al la ar rr ra ay y<d do ou ub bl le e>& v v1 1, c co on ns st t v va al la ar rr ra ay y<d do ou ub bl le e>& v v2 2)
{

d do ou ub bl le e r re es s = 0 0;
f fo or r ( i in nt t i i = 0 0; i i<v v1 1. s si iz ze e() ; i i++) r re es s+= v v1 1[ i i]* v v2 2[ i i] ;
r re et tu ur rn n r re es s;

}

v va al la ar rr ra ay y<d do ou ub bl le e> o op pe er ra at to or r*( c co on ns st t M Ma at tr ri ix x& m m, c co on ns st t v va al la ar rr ra ay y<d do ou ub bl le e>& v v)
{

v va al la ar rr ra ay y<d do ou ub bl le e> r re es s( m m. d di im m1 1()) ;
f fo or r ( i in nt t i i = 0 0; i i<m m. d di im m1 1() ; i i++) r re es s( i i) = m mu ul l( m m. r ro ow w( i i) , v v) ;
r re et tu ur rn n r re es s;

}

M Ma at tr ri ix x& M Ma at tr ri ix x: : o op pe er ra at to or r*=( d do ou ub bl le e d d)
{

(* v v) *= d d;
r re et tu ur rn n * t th hi is s;

}

I provided( i i, j j) to expressM Ma at tr ri ix x subscripting because() is a single operator and because that
notation is the most familiar to many in the numeric community. The concept of a row provides
the more familiar (in the C and C++ communities)[ i i][ j j] notation:

v vo oi id d f f( M Ma at tr ri ix x& m m)
{

m m( 1 1, 2 2) = 5 5; / / Fortran-style subscripts
m m. r ro ow w( 1 1)( 2 2) = 6 6;
m m. r ro ow w( 1 1)[ 2 2] = 7 7;
m m[ 1 1]( 2 2) = 8 8; / / undesirable mixed style (but it works)
m m[ 1 1][ 2 2] = 9 9; / / C++-style subscripts

}

The use ofs sl li ic ce e_ _a ar rr ra ay ys s to express subscripting assumes a good optimizer.
Generalizing this to ann n-dimensional matrix of arbitrary elements and with a reasonable set of

operations is left as an exercise (§22.9[7]).
Maybe your first idea for a two-dimensional vector was something like this:
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c cl la as ss s M Ma at tr ri ix x {
v va al la ar rr ra ay y< v va al la ar rr ra ay y<d do ou ub bl le e> > v v;

p pu ub bl li ic c:
/ / ...

};

This would also work (§22.9[10]). However, it is not easy to match the efficiency and compatibil-
ity required by high-performance computations without dropping to the lower and more conven-
tional level represented byv va al la ar rr ra ay y pluss sl li ic ce es.

22.4.7 Temporaries, Copying, and Loops [num.matrix]

If you build a vector or a matrix class, you will soon find that three related problems have to be
faced to satisfy performance-conscious users:

[1] The number of temporaries must be minimized.
[2] Copying of matrices must be minimized.
[3] Multiple loops over the same data in composite operations must be minimized.

These issues are not directly addressed by the standard library. However, I can outline a technique
that can be used to produce highly optimized implementations.

ConsiderU U=M M* V V+W W, whereU U, V V, andW W are vectors andM M is a matrix. A naive implementa-
tion introduces temporary vectors forM M* V V and M M* V V+W W and copies the results ofM M* V V and
M M* V V+W W. A smart implementation calls a functionm mu ul l_ _a ad dd d_ _a an nd d_ _a as ss si ig gn n(& U U,& M M,& V V,& W W) that
introduces no temporaries, copies no vectors, and touches each element of the matrices the mini-
mum number of times.

This degree of optimization is rarely necessary for more than a few kinds of expressions, so a
simple solution to efficiency problems is to provide functions such asm mu ul l_ _a ad dd d_ _a an nd d_ _a as ss si ig gn n() and
let the user call those where it matters. However, it is possible to design aM Ma at tr ri ix x so that such opti-
mizations are applied automatically for expressions of the right form. That is, we can treat
U U=M M* V V+W W as a use of a single operator with four operands. The basic technique was demon-
strated foro os st tr re ea am m manipulators (§21.4.6.3). In general, it can be used to make a combination ofn n
binary operators act like an( n n+1 1) -ary operator. HandlingU U=M M* V V+W W requires the introduction of
two auxiliary classes. However, the technique can result in impressive speedups (say, 30 times) on
some systems by enabling more-powerful optimization techniques.

First, we define the result of multiplying aM Ma at tr ri ix x by aV Ve ec ct to or r:

s st tr ru uc ct t M MV Vm mu ul l {
c co on ns st t M Ma at tr ri ix x& m m;
c co on ns st t V Ve ec ct to or r& v v;

M MV Vm mu ul l( c co on ns st t M Ma at tr ri ix x& m mm m, c co on ns st t V Ve ec ct to or r &v vv v) : m m( m mm m) , v v( v vv v) { }

o op pe er ra at to or r V Ve ec ct to or r() ; / / evaluate and return result
};

i in nl li in ne e M MV Vm mu ul l o op pe er ra at to or r*( c co on ns st t M Ma at tr ri ix x& m mm m, c co on ns st t V Ve ec ct to or r& v vv v)
{

r re et tu ur rn n M MV Vm mu ul l( m mm m, v vv v) ;
}
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This ‘‘multiplication’’ does nothing except store references to its operands; the evaluation ofM M* V V
is deferred. The object produced by* is closely related to what is called ac cl lo os su ur re e in many techni-
cal communities. Similarly, we can deal with what happens if we add aV Ve ec ct to or r:

s st tr ru uc ct t M MV Vm mu ul lV Va ad dd d {
c co on ns st t M Ma at tr ri ix x& m m;
c co on ns st t V Ve ec ct to or r& v v;
c co on ns st t V Ve ec ct to or r& v v2 2;

M MV Vm mu ul lV Va ad dd d( c co on ns st t M MV Vm mu ul l& m mv v, c co on ns st t V Ve ec ct to or r& v vv v) : m m( m mv v. m m) , v v( m mv v. v v) , v v2 2( v vv v) { }

o op pe er ra at to or r V Ve ec ct to or r() ; / / evaluate and return result
};

i in nl li in ne e M MV Vm mu ul lV Va ad dd d o op pe er ra at to or r+( c co on ns st t M MV Vm mu ul l& m mv v, c co on ns st t V Ve ec ct to or r& v vv v)
{

r re et tu ur rn n M MV Vm mu ul lV Va ad dd d( m mv v, v vv v) ;
}

This defers the evaluation ofM M* V V+W W. We now have to ensure that it all gets evaluated using a
good algorithm when it is assigned to aV Ve ec ct to or r:

c cl la as ss s V Ve ec ct to or r {
/ / ...

p pu ub bl li ic c:
V Ve ec ct to or r( c co on ns st t M MV Vm mu ul lV Va ad dd d& m m) / / initialize by result of m
{

/ / allocate elements, etc.
m mu ul l_ _a ad dd d_ _a an nd d_ _a as ss si ig gn n( t th hi is s,& m m. m m,& m m. v v,& m m. v v2 2) ;

}

V Ve ec ct to or r& o op pe er ra at to or r=( c co on ns st t M MV Vm mu ul lV Va ad dd d& m m) / / assign the result of m to *this
{

m mu ul l_ _a ad dd d_ _a an nd d_ _a as ss si ig gn n( t th hi is s,& m m. m m,& m m. v v,& m m. v v2 2) ;
r re et tu ur rn n * t th hi is s;

}
/ / ...

};

Now U U=M M* V V+W W is automatically expanded to

U U. o op pe er ra at to or r=( M MV Vm mu ul lV Va ad dd d( M MV Vm mu ul l( M M, V V) , W W))

which because of inlining resolves to the desired simple call

m mu ul l_ _a ad dd d_ _a an nd d_ _a as ss si ig gn n(& U U,& M M,& V V,& W W)

Clearly, this eliminates the copying and the temporaries. In addition, we might write
m mu ul l_ _a ad dd d_ _a an nd d_ _a as ss si ig gn n() in an optimized fashion. However, if we just wrote it in a fairly simple
and unoptimized fashion, it would still be in a form that offered great opportunities to an optimizer.

I introduced a newV Ve ec ct to or r (rather than using av va al la ar rr ra ay y) because I needed to define assignment
(and assignment must be a member function; §11.2.2). However,v va al la ar rr ra ay y is a strong candidate for
the representation of thatV Ve ec ct to or r.
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The importance of this technique is that most really time-critical vector and matrix computa-
tions are done using a few relatively simple syntactic forms. Typically, there is no real gain in opti-
mizing expressions of half-a-dozen operators this way; more conventional techniques (§11.6) suf-
fice.

This technique is based on the idea of using compile-time analysis and closure objects to trans-
fer evaluation of subexpression into an object representing a composite operation. It can be applied
to a variety of problems with the common attribute that several pieces of information need to be
gathered into one function before evaluation can take place. I refer to the objects generated to defer
evaluation ascomposition closure objects, or simplycompositors.

22.4.8 Generalized Slices [num.gslice]

The M Ma at tr ri ix x example in §22.4.6 showed how twos sl li ic ce es could be used to describe rows and
columns of a two-dimensional array. In general, as sl li ic ce e can describe any row or column of ann n-
dimensional array (§22.9[7]). However, sometimes we need to extract a subarray that is not a row
or a column. For example, we might want to extract the 2-by-3 matrix from the top-left corner of a
3-by-4 matrix:

00 01 02

10 11 12

20 21 22

30 31 32

Unfortunately, these elements are not allocated in a way that can be described by a single slice:

00 10 20 30 01 11 21 31 02 12 22 32

0 1 2

4 5 6

A g gs sl li ic ce e is a ‘‘generalized slice’’ that contains (almost) the information fromn n slices:

c cl la as ss s s st td d: : g gs sl li ic ce e {
/ / instead of 1 stride and one size like slice, gslice holds n strides and n sizes

p pu ub bl li ic c:
g gs sl li ic ce e() ;
g gs sl li ic ce e( s si iz ze e_ _t t s s, c co on ns st t v va al la ar rr ra ay y<s si iz ze e_ _t t>& l l, c co on ns st t v va al la ar rr ra ay y<s si iz ze e_ _t t>& d d) ;

s si iz ze e_ _t t s st ta ar rt t() c co on ns st t; / / index of first element
v va al la ar rr ra ay y<s si iz ze e_ _t t> s si iz ze e() c co on ns st t; / / number of elements in dimension
v va al la ar rr ra ay y<s si iz ze e_ _t t> s st tr ri id de e() c co on ns st t; / / stride for index[0], index[1], ...

};

The extra values allow ag gs sl li ic ce e to specify a mapping betweenn n integers and an index to be used to
address elements of an array. For example, we can describe the layout of the 2-by-3 matrix by a
pair of (length,stride) pairs. As shown in §22.4.5, a length of2 2 and a stride of4 4 describes two
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elements of a row of the 3-by-4 matrix, when Fortran layout is used. Similarly, a length of3 3 and a
stride of1 1 describes 3 elements of a column. Together, they describe every element of the 2-by-3
submatrix. To list the elements, we can write:

s si iz ze e_ _t t g gs sl li ic ce e_ _i in nd de ex x( c co on ns st t g gs sl li ic ce e& s s, s si iz ze e_ _t t i i, s si iz ze e_ _t t j j)
{

r re et tu ur rn n s s. s st ta ar rt t()+ i i* s s. s st tr ri id de e()[ 0 0]+ j j* s s. s st tr ri id de e()[ 1 1] ;
}

s si iz ze e_ _t t l le en n[] = { 2 2, 3 3 }; / / (len[0],str[0]) describes a row
s si iz ze e_ _t t s st tr r[] = { 4 4, 1 1 }; / / (len[1],str[1]) describes a column

v va al la ar rr ra ay y<s si iz ze e_ _t t> l le en ng gt th hs s( l le en n, 2 2) ;
v va al la ar rr ra ay y<s si iz ze e_ _t t> s st tr ri id de es s( s st tr r, 2 2) ;

v vo oi id d f f()
{

g gs sl li ic ce e s s( 0 0, l le en ng gt th hs s, s st tr ri id de es s) ;

f fo or r ( i in nt t i i = 0 0 ; i i<s s. s si iz ze e()[ 0 0] ; i i++) c co ou ut t << g gs sl li ic ce e_ _i in nd de ex x( s s, i i, 0 0) << " ";/ / row
c co ou ut t << ", ";
f fo or r ( i in nt t j j = 0 0 ; j j<s s. s si iz ze e()[ 1 1] ; j j++) c co ou ut t << g gs sl li ic ce e_ _i in nd de ex x( s s, 0 0, j j) << " ";/ / column

}

This prints0 0 4 4 , 0 0 1 1 2 2.
In this way, ag gs sl li ic ce e with two (length,stride) pairs describes a subarray of a 2-dimensional

array, ag gs sl li ic ce e with three (length,stride) pairs describes a subarray of a 3-dimensional array, etc.
Using a g gs sl li ic ce e as the index of av va al la ar rr ra ay y yields a g gs sl li ic ce e_ _a ar rr ra ay y consisting of the elements
described by theg gs sl li ic ce e. For example:

v vo oi id d f f( v va al la ar rr ra ay y<f fl lo oa at t>& v v)
{

g gs sl li ic ce e m m( 0 0, l le en ng gt th hs s, s st tr ri id de es s) ;
v v[ m m] = 0 0; / / assign 0 to v[0],v[1],v[2],v[4],v[5],v[6]

}

The g gs sl li ic ce e_ _a ar rr ra ay y offers the same set of members ass sl li ic ce e_ _a ar rr ra ay y. In particular, ag gs sl li ic ce e_ _a ar rr ra ay y
cannot be constructed directly by the user and cannot be copied (§22.4.6). Instead, ag gs sl li ic ce e_ _a ar rr ra ay y
is the result of using ag gs sl li ic ce eas the subscript of av va al la ar rr ra ay y (§22.4.2).

22.4.9 Masks [num.mask]

A m ma as sk k_ _a ar rr ra ay y provides yet another way of specifying a subset of av va al la ar rr ra ay y and making the result
look like av va al la ar rr ra ay y. In the context ofv va al la ar rr ra ay ys, a mask is simply av va al la ar rr ra ay y<b bo oo ol l>. When a
mask is used as a subscript for av va al la ar rr ra ay y, a t tr ru ue e bit indicates that the corresponding element of the
v va al la ar rr ra ay y is considered part of the result. This allows us to operate on a subset of av va al la ar rr ra ay y even if
there is no simple pattern (such as as sl li ic ce e) that describes that subset. For example:
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v vo oi id d f f( v va al la ar rr ra ay y<d do ou ub bl le e>& v v)
{

b bo oo ol l b b[] = { t tr ru ue e , f fa al ls se e, f fa al ls se e, t tr ru ue e, f fa al ls se e, t tr ru ue e };
v va al la ar rr ra ay y<b bo oo ol l> m ma as sk k( b b, 6 6) ; / / elements 0, 3, and 5

v va al la ar rr ra ay y<d do ou ub bl le e> v vv v = c co os s( v v[ m ma as sk k]) ; / / vv[0]==cos(v[0]), vv[1]==cos(v[3]),
/ / vv[2]==cos(v[5])

}

Them ma as sk k_ _a ar rr ra ay y offers the same set of members ass sl li ic ce e_ _a ar rr ra ay y. In particular, am ma as sk k_ _a ar rr ra ay y can-
not be constructed directly by the user and cannot be copied (§22.4.6). Instead, am ma as sk k_ _a ar rr ra ay y is
the result of using av va al la ar rr ra ay y<b bo oo ol l> as the subscript of av va al la ar rr ra ay y (§22.4.2). The number of ele-
ments of av va al la ar rr ra ay y used as a mask must not be greater than the number of elements of the
v va al la ar rr ra ay y for which it is used as a subscript.

22.4.10 Indirect Arrays [num.indirect]

An i in nd di ir re ec ct t_ _a ar rr ra ay y provides a way of arbitrarily subsetting and reordering av va al la ar rr ra ay y. For exam-
ple:

v vo oi id d f f( v va al la ar rr ra ay y<d do ou ub bl le e>& v v)
{

s si iz ze e_ _t t i i[] = { 3 3, 2 2, 1 1, 0 0 }; / / first four elements in reverse order
v va al la ar rr ra ay y<s si iz ze e_ _t t> i in nd de ex x( i i, 4 4) ; / / elements 3, 2, 1, 0 (in that order)

v va al la ar rr ra ay y<d do ou ub bl le e> v vv v = l lo og g( v v[ i in nd de ex x]) ; / / vv[0]==log(v[3]), vv[1]==log(v[2]),
/ / vv[2]==log(v[1]), vv[3]==log(v[0])

}

If an index is specified twice, we have referred to an element of av va al la ar rr ra ay y twice in the same opera-
tion. That’s exactly the kind of aliasing thatv va al la ar rr ra ay ys do not allow, so the behavior of an
i in nd di ir re ec ct t_ _a ar rr ra ay y is undefined if an index is repeated.

The i in nd di ir re ec ct t_ _a ar rr ra ay y offers the same set of members ass sl li ic ce e_ _a ar rr ra ay y. In particular, a an
i in nd di ir re ec ct t_ _a ar rr ra ay y cannot be constructed directly by the user and cannot be copied (§22.4.6). Instead,
an i in nd di ir re ec ct t_ _a ar rr ra ay y is the result of using av va al la ar rr ra ay y<s si iz ze e_ _t t> as the subscript of av va al la ar rr ra ay y
(§22.4.2). The number of elements of av va al la ar rr ra ay y used as a subscript must not be greater than the
number of elements of thev va al la ar rr ra ay y for which it is used as a subscript.

22.5 Complex Arithmetic[num.complex]

The standard library provides ac co om mp pl le ex x template along the lines of thec co om mp pl le ex x class described in
§11.3. The libraryc co om mp pl le ex x needs to be a template to serve the need for complex numbers based on
different scalar types. In particular, specializations are provided forc co om mp pl le ex x using f fl lo oa at t, d do ou ub bl le e,
andl lo on ng g d do ou ub bl le eas its scalar type.

Thec co om mp pl le ex x template is defined in namespaces st td d and presented in<c co om mp pl le ex x>:
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t te em mp pl la at te e<c cl la as ss s T T> c cl la as ss s s st td d: : c co om mp pl le ex x {
T T r re e, i im m;

p pu ub bl li ic c:
t ty yp pe ed de ef f T T v va al lu ue e_ _t ty yp pe e;

c co om mp pl le ex x( c co on ns st t T T& r r = T T() , c co on ns st t T T& i i = T T()) : r re e( r r) , i im m( i i) { }
t te em mp pl la at te e<c cl la as ss s X X> c co om mp pl le ex x( c co on ns st t c co om mp pl le ex x<X X>& a a) : r re e( a a. r re e) , i im m( a a. i im m) { }

T T r re ea al l() c co on ns st t { r re et tu ur rn n r re e; }
T T i im ma ag g() c co on ns st t { r re et tu ur rn n i im m; }

c co om mp pl le ex x<T T>& o op pe er ra at to or r=( c co on ns st t T T& z z) ; / / assign complex(z,0)
t te em mp pl la at te e<c cl la as ss s X X> c co om mp pl le ex x<T T>& o op pe er ra at to or r=( c co on ns st t c co om mp pl le ex x<X X>&) ;
/ / similarly: +=, – =, *=, /=

};

The representation and the inline functions are here for illustration. One could– barely– imagine
a standard libraryc co om mp pl le ex x that used a different representation. Note the use of member templates
to ensure initialization and assignment of anyc co om mp pl le ex x type with any other (§13.6.2).

Throughout this book, I have usedc co om mp pl le ex x as a class rather than as a template. This is feasible
because I assumed a bit of namespace magic to get thec co om mp pl le ex x of d do ou ub bl le e that I usually prefer:

t ty yp pe ed de ef f s st td d: : c co om mp pl le ex x<d do ou ub bl le e> c co om mp pl le ex x;

The usual unary and binary operators are defined:

t te em mp pl la at te e<c cl la as ss s T T> c co om mp pl le ex x<T T> o op pe er ra at to or r+( c co on ns st t c co om mp pl le ex x<T T>&, c co on ns st t c co om mp pl le ex x<T T>&) ;
t te em mp pl la at te e<c cl la as ss s T T> c co om mp pl le ex x<T T> o op pe er ra at to or r+( c co on ns st t c co om mp pl le ex x<T T>&, c co on ns st t T T&) ;
t te em mp pl la at te e<c cl la as ss s T T> c co om mp pl le ex x<T T> o op pe er ra at to or r+( c co on ns st t T T&, c co on ns st t c co om mp pl le ex x<T T>&) ;

/ / similarly: – , *, /, ==, and !=

t te em mp pl la at te e<c cl la as ss s T T> c co om mp pl le ex x<T T> o op pe er ra at to or r+( c co on ns st t c co om mp pl le ex x<T T>&) ;
t te em mp pl la at te e<c cl la as ss s T T> c co om mp pl le ex x<T T> o op pe er ra at to or r-( c co on ns st t c co om mp pl le ex x<T T>&) ;

The coordinate functions are provided:

t te em mp pl la at te e<c cl la as ss s T T> T T r re ea al l( c co on ns st t c co om mp pl le ex x<T T>&) ;
t te em mp pl la at te e<c cl la as ss s T T> T T i im ma ag g( c co on ns st t c co om mp pl le ex x<T T>&) ;

t te em mp pl la at te e<c cl la as ss s T T> c co om mp pl le ex x<T T> c co on nj j( c co on ns st t c co om mp pl le ex x<T T>&) ;

/ / construct from polar coordinates (abs(),arg()):
t te em mp pl la at te e<c cl la as ss s T T> c co om mp pl le ex x<T T> p po ol la ar r( c co on ns st t T T& r rh ho o, c co on ns st t T T& t th he et ta a) ;

t te em mp pl la at te e<c cl la as ss s T T> T T a ab bs s( c co on ns st t c co om mp pl le ex x<T T>&) ; / / sometimes called rho
t te em mp pl la at te e<c cl la as ss s T T> T T a ar rg g( c co on ns st t c co om mp pl le ex x<T T>&) ; / / sometimes called theta

t te em mp pl la at te e<c cl la as ss s T T> T T n no or rm m( c co on ns st t c co om mp pl le ex x<T T>&) ; / / square of abs()

The usual set of mathematical functions is provided:
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t te em mp pl la at te e<c cl la as ss s T T> c co om mp pl le ex x<T T> s si in n( c co on ns st t c co om mp pl le ex x<T T>&) ;
/ / similarly: sinh, sqrt, tan, tanh, cos, cosh, exp, log, and log10

t te em mp pl la at te e<c cl la as ss s T T> c co om mp pl le ex x<T T> p po ow w( c co on ns st t c co om mp pl le ex x<T T>&, i in nt t) ;
t te em mp pl la at te e<c cl la as ss s T T> c co om mp pl le ex x<T T> p po ow w( c co on ns st t c co om mp pl le ex x<T T>&, c co on ns st t T T&) ;
t te em mp pl la at te e<c cl la as ss s T T> c co om mp pl le ex x<T T> p po ow w( c co on ns st t c co om mp pl le ex x<T T>&, c co on ns st t c co om mp pl le ex x<T T>&) ;
t te em mp pl la at te e<c cl la as ss s T T> c co om mp pl le ex x<T T> p po ow w( c co on ns st t T T&, c co on ns st t c co om mp pl le ex x<T T>&) ;

Finally, stream I/O is provided:

t te em mp pl la at te e<c cl la as ss s T T, c cl la as ss s C Ch h, c cl la as ss s T Tr r>
b ba as si ic c_ _i is st tr re ea am m<C Ch h, T Tr r>& o op pe er ra at to or r>>( b ba as si ic c_ _i is st tr re ea am m<C Ch h, T Tr r>&, c co om mp pl le ex x<T T>&) ;
t te em mp pl la at te e<c cl la as ss s T T, c cl la as ss s C Ch h, c cl la as ss s T Tr r>
b ba as si ic c_ _o os st tr re ea am m<C Ch h, T Tr r>& o op pe er ra at to or r<<( b ba as si ic c_ _o os st tr re ea am m<C Ch h, T Tr r>&, c co on ns st t c co om mp pl le ex x<T T>&) ;

A complex is written out in the format( x x, y y) and can be read in the formatsx x, ( x x) , and( x x, y y)
(§21.2.3, §21.3.5). The specializationsc co om mp pl le ex x<f fl lo oa at t>, c co om mp pl le ex x<d do ou ub bl le e>, and c co om mp pl le ex x<l lo on ng g
d do ou ub bl le e> are provided to restrict conversions (§13.6.2) and to provide opportunities for optimized
implementations. For example:

c cl la as ss s c co om mp pl le ex x<d do ou ub bl le e> {
d do ou ub bl le e r re e, i im m;

p pu ub bl li ic c:
t ty yp pe ed de ef f d do ou ub bl le e v va al lu ue e_ _t ty yp pe e;

c co om mp pl le ex x( d do ou ub bl le e r r = 0 0. 0 0, d do ou ub bl le e i i = 0 0. 0 0) : r re e( r r) , i im m( i i) { }
c co om mp pl le ex x( c co on ns st t c co om mp pl le ex x<f fl lo oa at t>& a a) : r re e( a a. r re ea al l()) , i im m( a a. i im ma ag g()) { }
e ex xp pl li ic ci it t c co om mp pl le ex x( c co on ns st t c co om mp pl le ex x<l lo on ng g d do ou ub bl le e>& a a) : r re e( a a. r re ea al l()) , i im m( a a. i im ma ag g()) { }

/ / ...
};

Now ac co om mp pl le ex x<f fl lo oa at t> can be quietly converted to ac co om mp pl le ex x<d do ou ub bl le e>, while ac co om mp pl le ex x< l lo on ng g
d do ou ub bl le e> can’t. Similar specializations ensures that ac co om mp pl le ex x<f fl lo oa at t> and ac co om mp pl le ex x<d do ou ub bl le e> can
be quietly converted to ac co om mp pl le ex x< l lo on ng g d do ou ub bl le e> but that ac co om mp pl le ex x< l lo on ng g d do ou ub bl le e> cannot be
implicitly converted to ac co om mp pl le ex x<d do ou ub bl le e> or to ac co om mp pl le ex x<f fl lo oa at t> and ac co om mp pl le ex x<d do ou ub bl le e> can-
not be implicitly converted to ac co om mp pl le ex x<f fl lo oa at t>. For example:

v vo oi id d f f( c co om mp pl le ex x<f fl lo oa at t> c cf f, c co om mp pl le ex x<d do ou ub bl le e> c cd d, c co om mp pl le ex x<l lo on ng g d do ou ub bl le e> c cl ld d)
{

c co om mp pl le ex x<d do ou ub bl le e> c c = c cf f; / / fine
c c = c cd d; / / fine
c c = c cl ld d; / / error: possible truncation
c c = c co om mp pl le ex x<d do ou ub bl le e>( c cl ld d) ; / / ok: you asked for truncation

c cf f = c cl ld d; / / error: possible truncation
c cf f = c cd d; / / error: possible truncation
c cf f = c co om mp pl le ex x<f fl lo oa at t>( c cl ld d) ; / / ok: you asked for truncation
c cf f = c co om mp pl le ex x<f fl lo oa at t>( c cd d) ; / / ok: you asked for truncation

}
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22.6 Generalized Numeric Algorithms[num.general]

In <n nu um me er ri ic c>, the standard library provides a few generalized numeric algorithms in the style of
the non-numeric algorithms from<a al lg go or ri it th hm m> (Chapter 18) :

_ __________________________________________________________________
Generalized Numeric Algorithms<numeric>_ ___________________________________________________________________ __________________________________________________________________

a ac cc cu um mu ul la at te e( () ) Accumulate results of operation on a sequence
i in nn ne er r_ _p pr ro od du uc ct t( () ) Accumulate results of operation on two sequences
p pa ar rt ti ia al l_ _s su um m( () ) Generate sequence by operation on a sequence
a ad dj ja ac ce en nt t_ _d di if ff fe er re en nc ce e( () ) Generate sequence by operation on a sequence_ __________________________________________________________________ 














These algorithms generalize common operations such as computing a sum by letting them apply to
all kinds of sequences and by making the operation applied to elements on those sequences a
parameter. For each algorithm, the general version is supplemented by a version applying the most
common operator for that algorithm.

22.6.1 Accumulate [num.accumulate]

Thea ac cc cu um mu ul la at te e() algorithm can be understood as the generalization of a sum of the elements of a
vector. Thea ac cc cu um mu ul la at te e() algorithm is defined in namespaces st td d and presented in<n nu um me er ri ic c>:

t te em mp pl la at te e <c cl la as ss s I In n, c cl la as ss s T T> T T a ac cc cu um mu ul la at te e( I In n f fi ir rs st t, I In n l la as st t, T T i in ni it t)
{

w wh hi il le e ( f fi ir rs st t != l la as st t) i in ni it t = i in ni it t + * f fi ir rs st t++; / / plus
r re et tu ur rn n i in ni it t;

}

t te em mp pl la at te e <c cl la as ss s I In n, c cl la as ss s T T, c cl la as ss s B Bi in nO Op p> T T a ac cc cu um mu ul la at te e( I In n f fi ir rs st t, I In n l la as st t, T T i in ni it t, B Bi in nO Op p o op p)
{

w wh hi il le e ( f fi ir rs st t != l la as st t) i in ni it t = o op p( i in ni it t,* f fi ir rs st t++) ; / / general operation
r re et tu ur rn n i in ni it t;

}

The simple version ofa ac cc cu um mu ul la at te e() adds elements of a sequence using their+ operator. For
example:

v vo oi id d f f( v ve ec ct to or r<i in nt t>& p pr ri ic ce e, l li is st t<f fl lo oa at t>& i in nc cr r)
{

i in nt t i i = a ac cc cu um mu ul la at te e( p pr ri ic ce e. b be eg gi in n() , p pr ri ic ce e. e en nd d() , 0 0) ; / / accumulate in int
d do ou ub bl le e d d = 0 0;
d d = a ac cc cu um mu ul la at te e( i in nc cr r. b be eg gi in n() , i in nc cr r. e en nd d() , d d) ; / / accumulate in double
/ / ...

}

Note how the type of the initial value passed determines the return type.
Not all items that we want to add are available as elements of a sequence. Where they are not,

we can often supply an operation fora ac cc cu um mu ul la at te e() to call in order to produce the items to be
added. The most obvious kind of operation to pass is one that extracts a value from a data struc-
ture. For example:
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s st tr ru uc ct t R Re ec co or rd d {
/ / ...
i in nt t u un ni it t_ _p pr ri ic ce e;
i in nt t n nu um mb be er r_ _o of f_ _u un ni it ts s;

};

l lo on ng g p pr ri ic ce e( l lo on ng g v va al l, c co on ns st t R Re ec co or rd d& r r)
{

r re et tu ur rn n v va al l + r r. u un ni it t_ _p pr ri ic ce e * r r. n nu um mb be er r_ _o of f_ _u un ni it ts s;
}

v vo oi id d f f( c co on ns st t v ve ec ct to or r<R Re ec co or rd d>& v v)
{

c co ou ut t << " T To ot ta al l v va al lu ue e: " << a ac cc cu um mu ul la at te e( v v. b be eg gi in n() , v v. e en nd d() , 0 0, p pr ri ic ce e) << ´ \ \n n´;
}

Operations similar toa ac cc cu um mu ul la at te eare calledr re ed du uc ce eandr re ed du uc ct ti io on n in some communities.

22.6.2 Inner_product [num.inner]

Accumulating from a sequence is very common, while accumulating from a pair of sequences is
not uncommon. Thei in nn ne er r_ _p pr ro od du uc ct t() algorithm is defined in namespaces st td d and presented in
<n nu um me er ri ic c>:

t te em mp pl la at te e <c cl la as ss s I In n, c cl la as ss s I In n2 2, c cl la as ss s T T>
T T i in nn ne er r_ _p pr ro od du uc ct t( I In n f fi ir rs st t, I In n l la as st t, I In n2 2 f fi ir rs st t2 2, T T i in ni it t)
{

w wh hi il le e ( f fi ir rs st t != l la as st t) i in ni it t = i in ni it t + * f fi ir rs st t++ * * f fi ir rs st t2 2++;
r re et tu ur rn n i in ni it t;

}

t te em mp pl la at te e <c cl la as ss s I In n, c cl la as ss s I In n2 2, c cl la as ss s T T, c cl la as ss s B Bi in nO Op p, c cl la as ss s B Bi in nO Op p2 2>
T T i in nn ne er r_ _p pr ro od du uc ct t( I In n f fi ir rs st t, I In n l la as st t, I In n2 2 f fi ir rs st t2 2, T T i in ni it t, B Bi in nO Op p o op p, B Bi in nO Op p2 2 o op p2 2)
{

w wh hi il le e ( f fi ir rs st t != l la as st t) i in ni it t = o op p( i in ni it t, o op p2 2(* f fi ir rs st t++,* f fi ir rs st t2 2++)) ;
r re et tu ur rn n i in ni it t;

}

As usual, only the beginning of the second input sequence is passed as an argument. The second
input sequence is assumed to be at least as long as the first.

The key operation in multiplying aM Ma at tr ri ix x by av va al la ar rr ra ay y is ani in nn ne er r_ _p pr ro od du uc ct t:

v va al la ar rr ra ay y<d do ou ub bl le e> o op pe er ra at to or r*( c co on ns st t M Ma at tr ri ix x& m m, c co on ns st t v va al la ar rr ra ay y<d do ou ub bl le e>& v v)
{

v va al la ar rr ra ay y<d do ou ub bl le e> r re es s( m m. d di im m1 1()) ;

f fo or r ( i in nt t i i=0 0; i i<m m. d di im m1 1() ; i i++) {
S Sl li ic ce e_ _i it te er r<d do ou ub bl le e>& r ri i = m m. r ro ow w( i i) ;
r re es s( i i) = i in nn ne er r_ _p pr ro od du uc ct t( r ri i. b be eg gi in n() , r ri i. e en nd d() ,& v v[ 0 0] , 0 0) ;

}
r re et tu ur rn n r re es s;

}
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v va al la ar rr ra ay y<d do ou ub bl le e> o op pe er ra at to or r*( c co on ns st t v va al la ar rr ra ay y<d do ou ub bl le e>& v v, c co on ns st t M Ma at tr ri ix x& m m)
{

v va al la ar rr ra ay y<d do ou ub bl le e> r re es s( m m. d di im m2 2()) ;

f fo or r ( i in nt t j j=0 0; j j<m m. d di im m2 2() ; j j++) {
S Sl li ic ce e_ _i it te er r<d do ou ub bl le e>& c cj j = m m. c co ol lu um mn n( j j) ;
r re es s( j j) = i in nn ne er r_ _p pr ro od du uc ct t(& v v[ 0 0] ,& v v[ v v. s si iz ze e()] , c cj j. b be eg gi in n() , 0 0) ;

}
r re et tu ur rn n r re es s;

}

Some forms ofi in nn ne er r_ _p pr ro od du uc ct t are often referred to as ‘‘dot product.’’

22.6.3 Incremental Change [num.incremental]

The p pa ar rt ti ia al l_ _s su um m() and a ad dj ja ac ce en nt t_ _d di if ff fe er re en nc ce e() algorithms are inverses of each other and deal
with the notion of incremental change. They are defined in namespaces st td d and presented in
<n nu um me er ri ic c>:

t te em mp pl la at te e <c cl la as ss s I In n, c cl la as ss s O Ou ut t> O Ou ut t a ad dj ja ac ce en nt t_ _d di if ff fe er re en nc ce e( I In n f fi ir rs st t, I In n l la as st t, O Ou ut t r re es s) ;

t te em mp pl la at te e <c cl la as ss s I In n, c cl la as ss s O Ou ut t, c cl la as ss s B Bi in nO Op p>
O Ou ut t a ad dj ja ac ce en nt t_ _d di if ff fe er re en nc ce e( I In n f fi ir rs st t, I In n l la as st t, O Ou ut t r re es s, B Bi in nO Op p o op p) ;

Given a sequencea a, b b, c c, d d, etc.,a ad dj ja ac ce en nt t_ _d di if ff fe er re en nc ce e() producesa a, b b- a a, c c- b b, d d- c c, etc.
Consider a vector of temperature readings. We could transform it into a vector of temperature

changes like this:

v ve ec ct to or r<d do ou ub bl le e> t te em mp ps s;

v vo oi id d f f()
{

a ad dj ja ac ce en nt t_ _d di if ff fe er re en nc ce e( t te em mp ps s. b be eg gi in n() , t te em mp ps s. e en nd d() , t te em mp ps s. b be eg gi in n()) ;
}

For example,1 17 7, 1 19 9, 2 20 0, 2 20 0, 1 17 7 turns into1 17 7, 2 2, 1 1, 0 0, - 3 3.
Conversely,p pa ar rt ti ia al l_ _s su um m() allows us to compute the end result of a set of incremental

changes:

t te em mp pl la at te e <c cl la as ss s I In n, c cl la as ss s O Ou ut t, c cl la as ss s B Bi in nO Op p>
O Ou ut t p pa ar rt ti ia al l_ _s su um m( I In n f fi ir rs st t, I In n l la as st t, O Ou ut t r re es s, B Bi in nO Op p o op p)
{

i if f ( f fi ir rs st t==l la as st t) r re et tu ur rn n r re es s;
* r re es s = * f fi ir rs st t;
T T v va al l = * f fi ir rs st t;
w wh hi il le e (++ f fi ir rs st t != l la as st t) {

v va al l = o op p( v va al l,* f fi ir rs st t) ;
*++ r re es s = v va al l;

}
r re et tu ur rn n ++r re es s;

}
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t te em mp pl la at te e <c cl la as ss s I In n, c cl la as ss s O Ou ut t> O Ou ut t p pa ar rt ti ia al l_ _s su um m( I In n f fi ir rs st t, I In n l la as st t, O Ou ut t r re es s)
{

r re et tu ur rn n p pa ar rt ti ia al l_ _s su um m( f fi ir rs st t, l la as st t, r re es s, p pl lu us s) ; / / §18.4.3
}

Given a sequencea a, b b, c c, d d, etc. ,p pa ar rt ti ia al l_ _s su um m() producesa a, a a+b b, a a+b b+c c, a a+b b+c c+d d, etc. For
example:

v vo oi id d f f()
{

p pa ar rt ti ia al l_ _s su um m( t te em mp ps s. b be eg gi in n() , t te em mp ps s. e en nd d() , t te em mp ps s. b be eg gi in n()) ;
}

Note the wayp pa ar rt ti ia al l_ _s su um m() incrementsr re es s before assigning a new value through it. This allows
r re es s to be the same sequence as its input;a ad dj ja ac ce en nt t_ _d di if ff fe er re en nc ce e() behaves similarly. Thus,

p pa ar rt ti ia al l_ _s su um m( v v. b be eg gi in n() , v v. e en nd d() , v v. b be eg gi in n()) ;

turns the sequencea a, b b, c c, d d into a a, a a+b b, a a+b b+c c, a a+b b+c c+d d, and

a ad dj ja ac ce en nt t_ _d di if ff fe er re en nc ce e( v v. b be eg gi in n() , v v. e en nd d() , v v. b be eg gi in n()) ;

turns it back into the original. In particular,p pa ar rt ti ia al l_ _s su um m() turns1 17 7, 2 2, 1 1, 0 0, - 3 3 back into1 17 7, 1 19 9,
2 20 0, 2 20 0, 1 17 7.

For people who think of temperature differences as a boring detail of meteorology or science
lab experiments, I point out that analyzing changes in stock prices involves exactly the same two
operations.

22.7 Random Numbers[num.random]

Random numbers are essential to many simulations and games. In<c cs st td dl li ib b> and<s st td dl li ib b. h h>, the
standard library provides a simple basis for the generation of random numbers:

#d de ef fi in ne e R RA AN ND D_ _M MA AX X i im mp pl le em me en nt ta at ti io on n_ _d de ef fi in ne ed d /* large positive integer*/

i in nt t r ra an nd d() ; / / pseudo-random number between 0 and RAND_MAX
i in nt t s sr ra an nd d( i in nt t i i) ; / / seed random number generator by i

Producing a good random-number generator isn’t easy, and unfortunately not all systems deliver a
goodr ra an nd d() . In particular, the low-order bits of a random number are often suspect, sor ra an nd d()% n n
is not a good portable way of generating a random number between0 0 and n n- 1 1. Often,
( d do ou ub bl le e( r ra an nd d())/ R RA AN ND D_ _M MA AX X)* n n gives acceptable results.

A call of s sr ra an nd d() starts a new sequence of random numbers from theseedgiven as argument.
For debugging, it is often important that a sequence of random numbers from a given seed be
repeatable. However, we often want to start each real run with a new seed. In fact, to make games
unpredictable, it is often useful to pick a seed from the environment of a program. For such pro-
grams, some bits from a real-time clock often make a good seed.

If you must write your own random-number generator, be sure to test it carefully (§22.9[14]).
A random-number generator is often more useful if represented as a class. In that way,

random-number generators for different distributions are easily built:
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c cl la as ss s R Ra an nd di in nt t { / / uniform distribution in the interval [0,max]
u un ns si ig gn ne ed d l lo on ng g r ra an nd dx x;

p pu ub bl li ic c:
R Ra an nd di in nt t( l lo on ng g s s = 0 0) { r ra an nd dx x=s s; }
v vo oi id d s se ee ed d( l lo on ng g s s) { r ra an nd dx x=s s; }

/ / magic numbers chosen to use 31 bits of a 32-bit long:

i in nt t a ab bs s( i in nt t x x) { r re et tu ur rn n x x&0 0x x7 7f ff ff ff ff ff ff f; }
s st ta at ti ic c d do ou ub bl le e m ma ax x() { r re et tu ur rn n 2 21 14 47 74 48 83 36 64 48 8. 0 0; } / / note: a double
i in nt t d dr ra aw w() { r re et tu ur rn n r ra an nd dx x = r ra an nd dx x* 1 11 10 03 35 51 15 52 24 45 5 + 1 12 23 34 45 5; }

d do ou ub bl le e f fd dr ra aw w(){ r re et tu ur rn n a ab bs s( d dr ra aw w())/ m ma ax x() ; }

i in nt t o op pe er ra at to or r()() { r re et tu ur rn n a ab bs s( d dr ra aw w()) ; }
};

c cl la as ss s U Ur ra an nd d : p pu ub bl li ic c R Ra an nd di in nt t { / / uniform distribution in the interval [0:n[
i in nt t n n;

p pu ub bl li ic c:
U Ur ra an nd d( i in nt t n nn n) { n n = n nn n; }

i in nt t o op pe er ra at to or r()() { i in nt t r r = n n* f fd dr ra aw w() ; r re et tu ur rn n ( r r==n n) ? n n- 1 1 : r r; }
};

c cl la as ss s E Er ra an nd d : p pu ub bl li ic c R Ra an nd di in nt t { / / exponential distribution random number generator
i in nt t m me ea an n;

p pu ub bl li ic c:
E Er ra an nd d( i in nt t m m) { m me ea an n=m m; }
i in nt t o op pe er ra at to or r()() { r re et tu ur rn n - m me ea an n * l lo og g( ( m ma ax x()- d dr ra aw w())/ m ma ax x() + . 5 5) ; }

};

Here is a simple test:

i in nt t m ma ai in n()
{

U Ur ra an nd d d dr ra aw w( 1 10 0) ;
m ma ap p<i in nt t, i in nt t> b bu uc ck ke et t;
f fo or r ( i in nt t i i = 0 0; i i< 1 10 00 00 00 00 00 0; i i++) b bu uc ck ke et t[ d dr ra aw w()]++;
f fo or r( i in nt t j j = 0 0; j j<1 10 0; j j++) c co ou ut t << b bu uc ck ke et t[ j j] << ´ \ \n n´;

}

Unless each bucket has approximately the value 10,000, there is a bug somewhere.
These random-number generators are slightly edited versions of what I shipped with the very

first C++ library (actually, the first ‘‘C with Classes’’ library; §1.4).

22.8 Advice[num.advice]

[1] Numerical problems are often subtle. If you are not 100% certain about the mathematical
aspects of a numerical problem, either take expert advice or experiment; §22.1.

[2] Usen nu um me er ri ic c_ _l li im mi it ts s to determine properties of built-in types; §22.2.
[3] Specializen nu um me er ri ic c_ _l li im mi it ts s for user-defined scalar types; §22.2.
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[4] Usev va al la ar rr ra ay y for numeric computation when run-time efficiency is more important than flexi-
bility with respect to operations and element types; §22.4.

[5] Express operations on part of an array in terms of slices rather than loops; §22.4.6.
[6] Use compositors to gain efficiency through elimination of temporaries and better algorithms;

§22.4.7.
[7] Uses st td d: : c co om mp pl le ex x for complex arithmetic; §22.5.
[8] You can convert old code that uses ac co om mp pl le ex x class to use thes st td d: : c co om mp pl le ex x template by

using at ty yp pe ed de ef f; §22.5.
[9] Consider a ac cc cu um mu ul la at te e() , i in nn ne er r_ _p pr ro od du uc ct t() , p pa ar rt ti ia al l_ _s su um m() , and a ad dj ja ac ce en nt t_ _d di if ff fe er re en nc ce e()

before you write a loop to compute a value from a list; §22.6.
[10] Prefer a random-number class for a particular distribution over direct use ofr ra an nd d() ; §22.7.
[11] Be careful that your random numbers are sufficiently random; §22.7.

22.9 Exercises[num.exercises]

1. (∗1.5) Write a function that behaves likea ap pp pl ly y() from §22.4.3, except that it is a nonmember
function and accepts function objects.

2. (∗1.5) Write a function that behaves likea ap pp pl ly y() from §22.4.3 , except that it is a nonmember
function, accepts function objects, and modifies itsv va al la ar rr ra ay y argument.

3. (∗2) CompleteS Sl li ic ce e_ _i it te er r (§22.4.5). Take special care when defining the destructor.
4. (∗1.5) Rewrite the program from §17.4.1.3 usinga ac cc cu um mu ul la at te e() .
5. (∗2) Implement I/O operators<< and>> for v va al la ar rr ra ay y. Implement ag ge et t_ _a ar rr ra ay y() function that

creates av va al la ar rr ra ay y of a size specified as part of the input itself.
6. (∗2.5) Define and implement a three-dimensional matrix with suitable operations.
7. (∗2.5) Define and implement ann n- dimensional matrix with suitable operations.
8. (∗2.5) Implement av va al la ar rr ra ay y-like class and implement+ and* for it. Compare its performance

to the performance of your C++ implementation’sv va al la ar rr ra ay y. Hint: Include x x=0 0. 5 5( x x+y y)- z z
among your test cases and try it with a variety of sizes for the vectorsx x, y y, andz z.

9. (∗3) Implement a Fortran-style arrayF Fo or rt t_ _a ar rr ra ay y where indices start from1 1 rather than0 0.
10. (∗3) ImplementM Ma at tr ri ix x using av va al la ar rr ra ay y member as the representation of the elements (rather

than a pointer or a reference to av va al la ar rr ra ay y).
11. (∗2.5) Use compositors (§22.4.7) to implement efficient multidimensional subscripting using

the [] notation. For example,v v1 1[ x x] , v v2 2[ x x][ y y] , v v2 2[ x x] , v v3 3[ x x][ y y][ z z] , v v3 3[ x x][ y y] , and
v v3 3[ x x] should all yield the appropriate elements and subarrays using a simple calculation of an
index.

12. (∗2) Generalize the idea from the program in §22.7 into a function that, given a generator as an
argument, prints a simple graphical representation of its distribution that can be used as a crude
visual check of the generator’s correctness.

13. (∗1) If n n is ani in nt t, what is the distribution of( d do ou ub bl le e( r ra an nd d())/ R RA AN ND D_ _M MA AX X)* n n?
14. (∗2.5) Plot points in a square output area. The coordinate pairs for the points should be gener-

ated byU Ur ra an nd d( N N) , whereN N is the number of pixels on a side of the output area. What does
the output tell you about the distribution of numbers generated byU Ur ra an nd d?

15. (∗2) Implement a Normal distribution generator,N Nr ra an nd d.
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